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Preface

There are prominent moments in time when ongoing scientific work is interrupted
for a moment and a more general perspective is sought. The symposium on Logic
Versus Approximation was one such moment, a chance to reflect on the influences
of the scientific work of Michael M. Richter on the occasion of his 65th birthday.
This collection is a selection of contributions to this symposium.

In focussing on today’s knowledge-based systems we encounter two major
paradigms of reasoning. There are on the one hand the logic-based approaches
where ‘logic’ is to be understood in a rather broad sense. This approach is predo-
minantly deployed in symbolic domains where numerical calculations are not the
core challenge. Logic has without any doubt provided a powerful methodological
tool. Progress in this area is mainly performed by refining the representation of
structural aspects which results in a succession of models that should capture
increasingly more aspects of the domain. This may be seen as an approximation
process on the metalevel.

There is also some weakness in the logic-based approach, though, which is
due to its very foundation. The semantic theory of truth by Tarski has explicitly
eliminated personal influence on the validity of truth as well as the representa-
tion of dynamically changing variations of the ground terms inside the theory. It
does not allow for adaptive individual behavior per se as is, for example, expli-
citly required in the field of e-commerce. From a methodological point of view
pragmatics is required as opposed to semantics. These aspects make it worth
considering rather philosophical and foundational reflections as well.

On the other hand we find approximation-oriented reasoning. Methods of
this kind are mainly applied in numerical domains where approximation is part
of the scientific methodology itself. Here we again distinguish two different basic
types, discrete and continuous domains.

However, from a more abstract level all these approaches do focus on si-
milar topics and arise on various levels such as problem modeling, inference
and problem-solving mechanisms, algorithms and mathematical methods, and
mathematical relations between discrete and continuous properties, and are in-
tegrated in tools and applications.

Research on both kinds of reasoning in these areas has mostly been conduc-
ted independently so far. Whereas approaches based on discrete or continuous
domains influence each other in a sometimes surprising way, influences between
these and the symbolic approach have been less intensively studied. Especially
the potentialities of an integration are certainly not understood to a satisfactory
degree although the primary focus from an abstract point of view is on a similar
topic. It requires a unifying vision to which all parts have to contribute from
their own perspectives.

Scientific work is necessarily always the construction of sense. Progress is by
no means arbitrary, but always guided by a quest for a still better understanding
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of parts of the world. Such construction processes are essentially hermeneutical
ones, and an emanating coherent understanding of isolated topics is only gua-
ranteed through a unifying view of a personal vision. Such a vision is especially
provided by the research interests of Michael M. Richter, which have influenced
the overall perspective of the symposium. In this sense his scientific work was
present all the time during the symposium.

Michael M. Richter has exerted a wide influence on logic and computer
science. Although his productive work is widely spread there are some gene-
ral interests behind them. A central interest is certainly in modelling structural
aspects of reality for problem solving along with the search for adequate me-
thodologies for this purpose. Michael M. Richter made significant contributions,
however, to a wide variety of topics ranging from purely logical problems in mo-
del theory and non-standard analysis to representation techniques in computer
science that have finally emancipated themselves from their logical origins with
special emphasis given to problems in artificial intelligence and knowledge-based
systems.

The symposium on Logic Versus Approximation brought insight into these
different approaches and contributed to the emergence of a unifying perspec-
tive. At the same time it reflected the variety of Michael M. Richter’s scientific
interests. The contributions to this volume range from logical problems, philo-
sophical considerations, applications of mathematics and computer science to
real-world problems, and programming methodologies up to current challenges
in expert systems.

The members of the organization and program committee especially wish to
thank the authors for submitting their papers and responding to the feedback
provided by the referees. We also wish to express our gratitude to the FAW-
Förderkreis e. V. and the empolis GmbH for their valuable support. Finally, we
are very grateful to the local organization team of the International Conference
and Research Center for Computer Science at Schloß Dagstuhl for their profes-
sionalism in handling the local arrangements.

To honor Michael M. Richter, the President of the University of Kaisers-
lautern, Prof. Dr. Helmut J. Schmidt, in his diverting opening talk surveyed
the creative powers of Michael M. Richter garnished with concise anecdotes on
mutual personal experiences at Kaiserslautern University. To pay special tribute
to the work of Michael M. Richter the scientific program of the symposium
was complemented by lively and inspiring after-dinner speeches by Franz Josef
Radermacher and Paul Stähly. The surroundings of the International Conference
Center of Schloß Dagstuhl provided the appropriate atmosphere and greatly
helped in making the symposium a scientifically intriguing, socially enjoyable,
and altogether most memorable occasion. This collection is meant to capture
the essence of its scientific aspects.

Kaiserslautern, December 2003 Wolfgang Lenski
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A True Unprovable Formula of Fuzzy Predicate
Logic*

Petr Hájek

Institute of Computer Science
Academy of Sciences of the Czech Republic

2, 182 07 Prague
Czech Republic

Abstract. We construct a formula true in all models of the product
fuzzy predicate logic over the standard product algebra on the unit real
interval but unprovable in the product fuzzy logic (and hence having
truth value less than 1 in some model over a non-standard linearly or-
dered product algebra). Gödel’s construction of a true unprovable for-
mula of arithmetic is heavily used.

1 Introduction

Is true the same as provable? For classical logic, Gödel’s completeness theorem
says that a formula is provable in a theory T (over classical logic) iff is
true in all models of T. On the other hand, if “true” does not mean “true in all
models of the theory” but “true in the intended (standard model”, Gödel’s first
incompleteness theorem applies: if T is a recursively (computably) axiomatized
arithmetic whose axioms are true in the structure N of natural numbers (the
standard model of arithmetic) then there is a formula true in N but unprovable
in T. Thus such arithmetic only approximates the truth.

Pure classical logic (or the empty theory T with no special axioms) over
classical logic does not distinguish any standard non-standard models. It has
just two truth values: true and false. For fuzzy logic the situation is different
since one can distinguish standard and non-standard algebras of truth functions
of connectives. Fuzzy logic is a many valued logic, the standard set of truth
values being the unit real interval [0,1]. The truth values are ordered; one for-
mula may be more true than another formula (comparative notion of truth).
This formalizes truth of vague (imprecise) propositions (like “He is a tall man”,
“This is a very big number”, “I shall come soon” etc.). Most often, fuzzy logic is
truth-functional, i.e. works with truth functions of connectives. In particular, for
basic fuzzy predicate logic (see [1]) each continuous together with its
residuum determines a standard algebra of truth functions. A continuous t-norm
is a continuous binary operation on the real unit square which is commuta-
tive, associative, non-decreasing in each argument, having 1 for its unit element

* Partial support of ITI (the project No. LN00A056 (ITI) of Ministry of Education
(MŠMT) of the Czech Republic) is recognized.

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 1–5, 2004.
© Springer-Verlag Berlin Heidelberg 2004



2 P. Hájek

for all and having 0 for its zero element for all Its
residuum is defined as follows: Any continuous
t-norm can serve as the truth function of conjunction; then its residuum is taken
to be the truth function of implication. This is the standard semantics of the
basic fuzzy logic.

General semantics is given by the class of BL-algebras. The definition is to
be found e.g. in [1], see also below Sect.2 Roughly, a BL-algebra is a (lattice)-
ordered structure with a least element and a greatest element and two operations

that “behave like continuous t-norms”. Each continuous t-norm with its
residuum defines a standard BL-algebra. Given a predicate language and BL-
algebra L, an L-interpretation M of consists of a crisp non-empty domain M
and for each predicate P of an L-fuzzy relation (of the respective arity) on M.1

One gives a natural definition of the truth value being an evaluation
of object variables by elements of M) in Tarski’s style by induction on the
complexity of For L being standard, is always defined; for general L
one has to work with so-called safe interpretations, for which is total
(defined for all (For standard L each interpretation is safe.) Axioms and
deduction rules of can be found in [1]; this gives the notion of provability
in The general completeness theorem says that a formula is provable in
the basic fuzzy predicate logic iff it is true (= has value 1) for each safe
interpretation M over each linearly ordered BL-algebra L and each evaluation

is a general BL-tautology).
Call a standard BL-tautology if is true for each (safe) interpretation over

each standard BL-algebra. And as Montagna showed [4], the set of all standard
BL-tautologies is not arithmetical and hence is a proper subset of the set of
all general tautologies. A simple example of a formula which is a standard BL-
tautology but not a general BL-tautology is the formula

where is not free in v. (A counterexample was found by F. Bou.)
Now turn to the three well-known particular continuous namely

Gödel
and product and the corresponding fuzzy predicate logics

See [1] for details; now we only mention that the unique standard
algebra of truth functions of each of those logics is given by the corresponding

whereas general algebras of truth functions are algebras from the variety
generated by the standard algebra, so-called MV-algebras, Gödel algebras and
product algebras respectively. Axioms are those of extended by the axiom
of idempotence of conjunction for Gödel logic, the axiom of double
negation where is for logic and by two axioms
presented below for product logic. All three logics have general completeness
theorem (for formulas true in all safe interpretations over all linearly ordered

1 This means that if P is then its interpretation is a mapping assigning to each
of elements of M an element of L – the degree of membership of the tuple

into the interpreting fuzzy relation.
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respective algebras); for Gödel logic standard tautologies coincide with general
tautologies, for logic the set of standard tautologies is
(Ragaz), for product logic the set of standard tautologies is not arithmetical
(Montagna). All three logics prove the formula (B) above (for and see
[1], for see below). The aim of the present paper is to exhibit a particular
example of a formula being a standard but not general tautology of (thus an
unprovable standard tautology of As mentioned above, our formula will be
a variant of Gödel’s famous self-referential formula stating its own unprovability.
But keep in mind that we are interested in pure (product) logic, not in a theory
over this logic. To find such an example for predicate logic remains
an open problem.

2 The Product Predicate Logic

Recall that a BL-algebra is a residuated lattice satisfying
two additional identities

Define A  (product algebra) is a BL-algebra satisfying,
in addition the identities

The standard  is the unit real interval [0,1] with its usual
linear order being maximum and minimum), being real product and

for for is a linearly ordered
each linearly ordered product algebra has Gödel negation

and for and satisfies cancellation by a non-zero element: if
and then

Axioms of the product predicate logic are axioms of basic predicate fuzzy
logic (see [1]) plus two additional axioms corresponding to the above iden-
tities, i.e.

Deduction rules are modus ponens and generalization.
Recall the general completeness: over iff is true in each L-model

of T for each linearly ordered product L.
Caution: In the quantifiers are not interdefinable; for a unary predicate

U, the equivalence is not provable. Moreover, there is
a model M in which both and are true (have value 1)
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(U has a positive truth value for all objects, but the infimum of three values
is 0). This was used in [2] to show that standard satisfiability in product logic
is not arithmetical. Montagna improved my construction and showed that both
satisfiability and tautologicity in both and is not arithmetical. We shall
use Montagna’s construction in the next section.

3 The Results

Theorem 1. proves the formula

Proof: We give a semantic proof. It suffices to show for each linearly ordered
 L, for from an index set I) and for each that

Obviously, Conversely, let for some
Then write for thus and, by

cancellation, hence for some
For we get a contradiction.

In the rest of this section we shall construct a formula which is a standard
tautology of but not a general tautology of We heavily use Montagna’s
construction from [4]. The reader is assumed to have [4] at his disposal.

P is a finite fragment of classical Peano arithmetic containing Robinson’s
Q, expressed for simplicity in the logic without function symbols (thus having a
ternary predicate for (the graph of) addition etc). is the conjunction
of the axioms of P. The language of P is called the arithmetical language. For
each formula of the arithmetical language, results from by replacing
each atomic formula by its double negation. U is a new unary predicate;
is the conjunction of with three axioms concerning U, namely

and an axiom expressing that with increasing (in the arithmetical
sense) the truth degree of decreases quickly enough (Montagna’s
his is not necessary since we work with The following is the crucial fact
about the construction:

Lemma 1. (1) For each model M of the extended language over the standard
product algebra such that each closed formula of the arithmetical
language satisfies

(N is the standard crisp model of arithmetic).
(2) N has a [0, 1]-valued expansion to a model of over the standard

product algebra.
Now we apply Gödel-style diagonal lemma (cf. [3]). In P, arithmetize the

language of and let be the formal provability predicate of expressed
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in P. Construct an arithmetical formula such that (P classically proves and
hence) N satisfies the equivalence

(Recall that is the numeral; in P the above is a shorthand for the corre-
sponding formula without function symbols.)

Lemma 2. (1) does not prove (2) (3) is a standard

Proof: (1) Assume then the formulas are true in
(have the value 1), hence and thus a contradic-

tion.
(2) Since and thus
(3) Let M be a model of  over the standard algebra. If then

if then by Lemma 1 and hence

Main theorem. The formula is a standard but not a
general

Proof: Immediate from the preceding lemma by the completeness theorem.

References
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The Inherent Indistinguishability in Fuzzy
Systems

Frank Klawonn1 and Rudolf Kruse2

1 Department of Computer Science
University of Applied Sciences Braunschweig/Wolfenbüttel

Salzdahlumer Str. 46/48
D-38302 Wolfenbuettel, Germany
f.klawonn@fh-wolfenbuettel.de

2 Department of Computer Science
Otto-von-Guericke University

Universitätsplatz 2
D-39106 Magdeburg, Germany

kruse@iik.cs.uni-magdeburg.de

Abstract. This paper provides an overview of fuzzy systems from the
viewpoint of similarity relations. Similarity relations turn out to be an
appealing framework in which typical concepts and techniques applied
in fuzzy systems and fuzzy control can be better understood and inter-
preted. They can also be used to describe the indistinguishability inher-
ent in any fuzzy system that cannot be avoided.

1 Introduction

In his seminal paper on fuzzy sets L.A. Zadeh [14] proposed to model vague
concepts like big, small, young, near, far, that are very common in natural lan-
guages, by fuzzy sets. The fundamental idea was to allow membership degrees
to sets replacing the notion of crisp membership. So the starting point of fuzzy
systems is the fuzzification of the mathematical concept (is element of). There-
fore, a fuzzy set can be seen as generalized indicator function of a set. Where
a indicator function can assume only the two values zero (standing for: is not
element of the set) and one (standing for: is element of the set), fuzzy sets allow
arbitrary membership degrees between zero and one.

However, when we start to fuzzify the mathematical concept of being an
element of a set, it seems obvious that we might also question the idea of crisp
equality and generalize it to [0, 1]-valued equalities, in order to reflect the concept
of similarity. Figure 1 shows two fuzzy sets that are almost equal. From the
extensional point of view, these fuzzy sets are definitely different. But from the
intensional point of view in terms of modelling vague concepts they are almost
equal.

In the following we will discuss the idea of introducing the concept of (in-
tensional) fuzzified equality (or similarity). We will review some results that on
the one hand show that working with this kind of similarities leads to a better

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 6–17, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Fig. 1. Two similar fuzzy sets

understanding of fuzzy systems and that these fuzzified equalities describe an
inherent indistinguishability in fuzzy systems that cannot be overcome.

2 Fuzzy Logic

In classical logic the basics of the semantics part are truth functions for the
logical connectives like

Since classical logic deals with only two truth zero (false) and one (true),
these truth functions can be defined in terms of simple tables as for instance for
the logical connective (AND):

In the context of fuzzy sets or fuzzy systems this restriction of a two-valued
logic must be relaxed to [0, 1]-valued logic. Therefore, the truth functions of the
logical connectives must be extended from the set {0,1} to the unit interval.
Typical examples for generalized truth functions for
the logical AND are:
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The axiomatic framework of t-norms provides a more systematic approach
to extending to [0, 1]-valued logics. A t-norm is a commutative, associative,
binary operation on [0,1] with 1 as unit that is non-decreasing in its arguments.
The dual concept for the logical connective OR are t-conorms. A t-conorm

is a commutative, associative, binary operation on [0,1] with 0 as unit that
is non-decreasing in its arguments. A t-norm    induces a t-conorm     by

and vice versa.
In this paper, we will restrict our consideration to continuous t-norms. In

this case, we can introduce the concept of residuated implication. is called
residuated implication w.r.t. if

holds for all
A continuous t-norm has a unique residuated implication given by

The biimplication w.r.t. to the (residuated) implication is defined by

The negation w.r.t. to the (residuated) implication is defined by

The most common examples for t-norms and induced logical connectives are:

1.

2.

3.
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If denotes the truth value of the logical formula A, then the truth functions
for quantifiers are given by

It should be mentioned that these concepts of [0, 1]-valued logics lead to in-
teresting generalizations of classical logic from the purely mathematical point of
view. However, the assumption of truth-functionality, i.e. that the truth value
of a complex logical formula depends only on the truth values of its compound
elements, leads to certain problems. Truth-functionality implies a certain inde-
pendence assumption between the logical formulae. Like in probability theory,
independence is a very strong assumption that is seldom satisfied in practical
applications.

Already the simple example of three-valued logic illustrates this
problems. The third truth value in this logic stands for undetermined. The
logical connective is defined canonically by the following truth function:

The following simple example shows the problem caused by truth function-
ality.

A and B are independent (hopefully). A and are definitely not. So there
is no consistent way of assigning a truth value to a logical conjunction of two
statements based only on their truth values, since A , B and all have the truth
value undetermined, as well as the logical statement whereas should
be assigned the truth value false.

However, in applications of fuzzy systems like fuzzy control this problem
usually plays only a minor role, because certain independence assumptions are
satisfied there by the structure of the considered formal framework.
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3 Similarity Relations

Before introducing the notion fuzzified equality or similarity, we briefly review
how mathematical concepts can be fuzzified in a straight forward way.

We interpret the membership degree of an element to a fuzzy set
as the truth value of the statement is an element of

When we want to consider the fuzzified version of an axiom A (in classical
logic), we take into account that axioms are assumed to be true, i.e.
Also, axioms are very often of the form Using residuated implications,
we have

Having these facts in mind, it is obvious how to interpret an axiom in a [0,1]-
valued logic. As a concrete example, we consider the notion of equivalence rela-
tions.

A fuzzy relation

on a set X satisfying the three previously mentioned axioms is called an simi-
larity relation [15,11]. Depending on the choice of the operation sometimes
E is also called an indistinguishability operator [13], fuzzy equality (relation) [2,
7], fuzzy equivalence relation [12] or proximity relation [1].

A fuzzy relation E is a similarity relation w.r.t. the t-norms, if
and only if 1 – E is a pseudo-metric bounded by 1. A fuzzy relation E is an
similarity relation w.r.t. the minimum, if and only if 1 – E is an ultra-pseudo-
metric bounded by 1. Any (ultra-)pseudo-metric bounded by 1 induces an
similarity relation w.r.t. the t-norm (minimum) by

Extensionality in the context of similarity relation means to respect the sim-
ilarity relation: Equal (similar) elements should lead to equal (similar) results.
The classical property: leads to the following
definition.
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A fuzzy set is called extensional w.r.t. an similarity relation E, if

holds.
Let be an similarity relation on the set X. The extensional

hull of the fuzzy set is smallest extensional fuzzy set containing given by

The extensional hull of an ordinary set is the extensional hull of its indicator
function and can be understood as the (fuzzy) set of points that are equal to at
least one element in the set.

As an example consider the similarity relation
The extensional hulls of a single point and an interval are shown in figure 2.

Fig. 2. The extensional hulls of the point and of the interval

Extensional hulls of points w.r.t.

always have a support of length two. In order to maintain the degrees of similarity
(and the membership degrees), when changing the measurement unit (seconds
instead of hours, miles instead of kilometers,...), we have to take a scaling into
account:

When we take a closer look at the concept of similarity relations, we can even
introduce a more general concept of scaling. Similarity relations can be used to
model indistinguishability. There are two kinds of indistinguishability, we have
to deal with in typical fuzzy control applications.
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Enforced indistinguishability is caused by limited precision of measurement
instruments, (imprecise) indirect measurements, noisy data, . . .

Intended indistinguishability means that the control expert is not interested
in more precise values, since a higher precision would not really lead to an
improved control.

Both kinds of indistinguishability might need a local scaling as the following
example of designing an air conditioning system shows.

When we apply these different scaling factors to our temperature domain, this
has the following consequences, when we consider the similarity relation induced
by the scaled distance. In order to determine how dissimilar two temperatures
are, we do note compute their difference directly, but in the scaled domain, where
the range up to 15 is shrunk to a single point, the range between 15 and 19 is
shrunk by the factor 0.25, the range between 19 and 23 is stretched by the factor
1.5 and so on. The following table shows the scaled distances of some example
values for the temperature.

Figures 3 and 4 show examples of extensional hulls of single points.
The idea of piecewise constant scaling functions can be extended to arbitrary

scaling functions in the following way [4]. Given an integrable scaling function:
If we assume that we have for small values that the transformed

distance between and is given by
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Fig. 3. The extensional hulls of the points 15, 19, 21, 23 and 27.

Fig. 4. The extensional hulls of the points 18.5 and 22.5.

then the transformed distance induced by the scaling function can be computed
by

4 The Inherent Indistinguishability in Fuzzy Systems

In this section we present some results [4,6,5] on the connection between fuzzy
sets and similarity relations.

Given a set of fuzzy sets (‘a fuzzy partition’). Is there an similarity relation
E s.t. all these fuzzy sets are extensional w.r.t. E? The answer to this question
is positive.

is the coarsest similarity relation making all fuzzy sets in extensional.
We go a step further and consider a given set of normal fuzzy sets (that

have membership degree one for at least one point). Is there an similarity relation
E s.t. all these fuzzy sets can be interpreted as extensional hulls of points?
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Let be a set of fuzzy sets such that for each there exists
with There is an similarity relation E, such that for all the
extensional hull of the point coincides with the fuzzy set if and only if

holds for all
In this case, is the coarsest similarity relation for which the fuzzy

sets in can be interpreted as extensional hulls of points.
If the fuzzy sets are pairwise disjoint for all then the

condition of the previous theorem is always satisfied. For the t-norm
this means

Let be a non-empty, at most countable set of fuzzy sets such that each
satisfies:

There exists with
(as a real-valued function) is increasing on
is decreasing on
is continuous.
is differentiable almost everywhere.

There exists a scaling function such that for all the
extensional hull of the point w.r.t. the similarity relation

coincides with the fuzzy set if and only if

holds for all almost everywhere. In this case,

can be chosen as the (almost everywhere well-defined) scaling function.
Figure 5 shows a typical example of a choice of fuzzy sets. For this kind

of fuzzy partition a scaling function exists, such that the fuzzy sets can be
represented as extensional hulls of points.

There is another explanation, why fuzzy sets are very often chosen as shown
in this figure. The expert who specifies the fuzzy sets and the rules for the fuzzy
system is assumed to specify as few rules as possible. When he has chosen one
point (inducing a fuzzy set as its extensional hull), taking the similarity relations
into account, this single point provides some information for all points that
have non-zero similarity/indistinguishability to the specified point. Therefore,
the next point must be specified, when the similarity degree (membership degree
of the corresponding fuzzy set) has dropped to zero.
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Fig. 5. Fuzzy sets for which a scaling function can be defined.

5 Similarity Relations and Fuzzy Functions

If we assume that the fuzzy sets in fuzzy control applications represent (vague)
points, then each rule specifies a point on the graph of the control function. A
rule is typically of the form

If is and ... and is then is

where are input variables and is the output variable and
and are suitable fuzzy sets.

In this way, fuzzy control can be seen as interpolation in the presence of vague
environments characterized by similarity relations. A function is
extensional w.r.t. to the similarity relations E and F on X and Y, respectively,
if

holds for all
Interpreting fuzzy control in this way, defuzzification means to find an exten-

sional function that passes through the points specified by the rule base. It can
be shown [10] that the centre of gravity defuzzification method is a reasonable
heuristic technique, when the fuzzy sets and the rules are ‘well-behaved’. From
a theoretical point of view, we have to find a function through the given control
points that is Lipschitz continuous (w.r.t. the metrics induced by the equality
relations) with Lipschitz constant 1.

Since fuzzy controllers usually have multiple inputs, it is necessary to combine
the similarity relations to a single similarity relation in the product space. The
canonical similarity relation on a product space is given by [9]

In terms of fuzzy control this means that for a single rule, the membership
degrees of an input would be combined using the minimum.

Viewing fuzzy control in this way, the specification of (independent) fuzzy
sets respectively similarity relations means that the indistinguishabilities on the
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different inputs are independent. Although this is an unrealistic assumption,
fuzzy control works quite well. The independence problem is partly solved, by
using a fine granularity everywhere and specifying more rules.

Finally, we would like to emphasize that, even if the fuzzy sets are chosen
in such a way that they cannot be interpreted as extensional hulls of points,
similarity relations play an important role. We can always compute the coarsest
similarity relations making all fuzzy sets extensional. It can be shown under
quite general assumptions [6] that

the output of a fuzzy system does not change, when we replace the input by
its extensional hull and
the output (before defuzzification) is always extensional.

6 Conclusions

We have shown that similarity relations provide an interesting framework to bet-
ter understand the concepts underlying fuzzy systems and fuzzy control. They
can also be used to characterize the indistinguishability that is inherent in any
fuzzy system. Exploiting the ideas of the connection between fuzzy systems and
similarity relations further leads also to interesting connections to fuzzy cluster-
ing [3] and to understanding fuzzy control as knowledge-based interpolation [8]
which leads to a much stricter framework of fuzzy systems in which inconsisten-
cies can be avoided easier [5]
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Abstract. A quantified Boolean formula is true, if for any existentially
quantified variable there exists a Boolean function depending on the
preceding universal variables, such that substituting the existential
variables by the Boolean functions results in a true formula. We call a
satisfying set of Boolean functions a model. In this paper, we investigate
for various classes of quantified Boolean formulas and various classes of
Boolean functions the problem whether a model exists. Furthermore, for
these classes the complexity of the model checking problem - whether a
set of Boolean functions is a model for a formula - will be shown. Finally,
for classes of Boolean functions we establish some characterizations in
terms of quantified Boolean formulas which have such a model. For
example, roughly speaking any satisfiable quantified Boolean Horn
formula can be satisfied by monomials and vice versa.

Keywords: quantified Boolean formula, Boolean function, model check-
ing, complexity, satisfiability

1 Introduction

Quantified Boolean formulas (QBF) are a powerful tool for the representation of
many problems in computer science and artificial intelligence such as planning,
abductive reasoning, non-monotonic reasoning, intuitionistic and modal logics.
This has motivated to design efficient decision algorithms for QBF or to look for
tractable subclasses of QBF which are still able to formulate some interesting
problems in practice.

The most natural approach to determine the truth of a QBF formula is based
on the semantics. In other words, this procedure iteratively splits the formula

of the problem into two simpler formulas and Some
improvements for this approach by using various backtracking strategies have
been made [2,4,6,9].

Another method for solving the satisfiability problem for QBF is the Q-
resolution which is the generalization of the resolution approach for propositional
formulas [7,5].

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 18–32, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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Quantified Boolean formulas can be used to describe games. Let us con-
sider a simple game. may describe
a two-person game, where is the move of the first player and is
the move of the second player. The moves are 0 or 1. The propositional
formula may represent the situation that for the moves

player 2 wins the game.
Now several questions arise: The first question is whether there exists a win-

ning strategy for player 2. That means, we have to decide whether the quantified
Boolean formula is true. is true, if there is an assignment of truth values to the
existentially quantified variables depending on the preceding universally quanti-
fied variables, such that the formula is true or in other words
a tautology. The assignment to the existentially quantified variables can be ex-
pressed in terms of Boolean functions. We denote the set of satisfying Boolean
functions as a model. The term model is chosen, because a propositional formula

over the variables is satisfiable if and only if is true.
Often, a satisfying truth assignment for is called a model. For formulas in first
order logic, a model for a formula assigns besides the assignments for predicates,
the domain etc. functions to function symbols and via skolemization functions
to existential variables. In terms of games or other applications one may replace
the term model by strategies, policies, or plan of actions.

In general, the problem whether a quantified Boolean formula has a model
is equivalent to the satisfiability problem for quantified Boolean formulas and
therefore PSPACE–complete [10].

With respect to the game, now the question is, whether there is a sequence
of moves, or in other words Boolean functions, which may fulfill further require-
ments or belong to a fixed class of Boolean functions. That leads to the problem
whether for a fixed class of Boolean functions there is a model for the formula
within this class.

Suppose, we have a strategy in mind, say the Boolean functions
We want to see whether this set of functions is a model for This is denoted
as the model checking problem. More general, we have to decide whether for a
given formula a set of Boolean functions M is a model.

The last question is the following: Suppose, we take from a subclass of
quantified Boolean formulas, for example quantified Horn formulas QHORN. Can
we always find simple models, say for example Boolean functions represented as
monomials? For QHORN we know that for any satisfiable formula a model in
terms of monomials can be found.

The other way round, for a given class of Boolean functions K we want
to determine the set of quantified Boolean formulas which can be satisfied by
models consisting of functions in K.

Using Boolean functions as models may lead to some confusion, because the
functions can be represented by truth tables, propositional formulas or quantified
Boolean formulas with free variables. The representation may have an essential
effect on the complexity of the various problems. In general, truth tables require
more space than propositional formulas and propositional formulas more space
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than quantified Boolean formulas with free variables. Subsequently, up to the
last subsection, we demand that Boolean functions are given as propositional
formulas.

Without any restrictions to the Boolean functions and to the quantified
Boolean formulas the model problem is PSPACE-complete, whereas we will see
that the model checking problem is coNP-complete. An overview of the main
results will be presented at the beginning of Section 5.

2 Quantified Boolean Formulas

In this section we recall the basic notions for propositional and quantified
Boolean formulas and introduce some terminology.

A literal is a propositional variable or a negated variable. Clauses are disjunc-
tions of literals. A CNF formula is a conjunction of clauses. For CNF formulas
with clause–length less or equal than we write HORN is the set of
Horn formulas. That means, any clause contains at most one non–negated literal.
DNF is the set of propositional formulas in disjunctive normal form.

A QBF formula is a quantified Boolean formula without free variables. The
formula is in prenex normal form, if where
and is a propositional formula over variables is called
the prefix and the matrix of Usually, we simply write

A literal or is called a universal resp. existential literal, if the variable
is bounded by a universal quantifier resp. by an existential quantifier. Uni-

versally resp. existentially quantified variables are also denoted as
resp. A clause containing only is called universal clause or

QCNF denotes the class of QBF formulas with matrix in CNF.

Definition 1. Let and be two formulas
in QCNF. If is a subclause of for every then we write We say

is a subclause–subformula of

For example, we have

A closed formula is called satisfiable or true, if there exists an
assignment of truth values to the existential variables depending on the preceding
universal variables, such that the propositional kernel of the formula is true. For

choosing for the value of the value of the
formula is true. The assignment can be considered as a function

For quantified Boolean formulas with free variables, denoted as QBF*, the
formula is satisfiable if, and only if there is a truth assignment for the free
variables, such that for the truth assignment the closed QBF is true. We write

for a QCNF*, if Q is the prefix, is the kernel,
and are the free variables. For example, the formula
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has the free variable and is satisfiable, because for we
obtain the satisfiable formula

In general, we assume that any QCNF input formula contains no tautological
clause. With respect to the satisfiability, in formulas of the form we
can remove the universal quantification in the prefix and delete all occurrences
of preserving the satisfiability, if is not a unit clause in In that case is
not true.

In our investigations we make use of substitutions of variables by
formulas. For a formula with or without free variables

denotes the formula obtained by simultaniously
substituting the occurrences of the variables by the formula For exam-
ple, results in the formula

In we can delete the existential
variable in the prefix.

For a formula in QCNF, is the prepositional formula obtained
from by removing every

For a class of prepositional formulas denotes the class of quantified
Boolean formulas in prefix normal form with matrix in For example, QHORN
is the class of quantified Boolean Horn formulas.

3 Boolean Models

In this section we give a formal definition of models for quantified Boolean for-
mulas without free variables and introduce the model and the model checking
problem. In the remainder we show some basic results dealing with the complex-
ity of these problems.

Definition 2. (Model)
Let be a satisfiable formula in QBF. For
and Boolean functions we say is a model for
if and only if

is true.
If the Boolean functions belong to a class K of Boolean functions, then we
say M is a K–model for

Example 1. :
The formula is true and for

is a model, because

contains tautological clauses only.

When not stated otherwise, we represent Boolean functions by propositional
formulas. Only in the last subsection we consider another representation, namely
quantified Boolean formulas with free variables..

Let K be a class of propositional formulas and
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K–Model Checking Problem for X:
Instance: A formula and a sequence of
propositional formulas
Query: Is M a K–model of

K–Model Problem for X:
Instance: A formula
Query: Does there exist a K–model M for

The CNF–model problem for QCNF is PSPACE–complete, since any Boolean
function can be represented as a CNF formula. Therefore, to decide whether a
formula has a model is equivalent to the question whether is satisfiable.
That problem is known to be PSPACE–complete [7,10].

Lemma 1. The CNF–model checking problem for QCNF is coNP–complete.

Proof: Let be a formula in QCNF and M =
be a sequence of propositional formulas for Then M is a model

for i.e. is true if and only
if the prepositional formula is a tautology.
Since the tautology problem for prepositional formulas is coNP –complete and

the model checking problem is in coNP.
The coNP–hardness can be shown as follows: For and an
arbitrary prepositional formula over the variables

is a model for i.e. is true if, and
only if is true. That means is a tautol-
ogy. Hence, there is a reduction from the coNP–complete tautology problem for
prepositional formulas.

4 Characterizations

For a class K of propositional formulas we want to characterize the class of
QCNF formulas having a K–model. Therefore, we introduce a relation
where We demand that any formula in S has a K–model and that no
proper subclause–subformula has such a model. That means, after removing an
arbitrary occurrence of a literal in the formula the formula has no K–model. In a
certain sense, the formula must be minimal. Therefore, additionally we demand
that any QCNF, for which a K–model exists, contains a subclause–subformula
in S.

Definition 3. For a class of QCNF formulas S and a class of propositional
formulas K we define: holds if, and only if

1.
2.
3.

has a K–model

has a K–model
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For our desired characterization we need the following definition of minimal
satisfiable formulas.

Definition 4. is true, is false}.
For we say is minimal satisfiable.

For a quantified Boolean formula is in K–MINSAT if and
only if has a K–model and for any has no K–model.

For example, the formula is not in MINSAT ,
because is true and the subclause–subformula
is true, too. The formula is in MINSAT , because after removing an arbitrary
literal from the formula is false.

The class MINSAT is often used for the relation For example, later
on we will see that holds.

Subsequently, we will show that in a certain sense for the relation
the classes S and K are unique, if one of them is fixed. For that reason we
associate every propositional formula with a QCNF formula

Definition 5. Let be a CNF formula. A CNF formula is called minimal for
if and removing an arbitrary occurrence of a literal from results in a

formula not equivalent to

Definition 6. (Associated QCNF formula
We associate to every Boolean function over QCNF formulas
as follows:
To the constant function 0 we associate the formula
to the constant 1 we associate the formula
Suppose is not a constant. Let be a minimal CNF formula for and
let be a minimal CNF formula for
Then we define

Lemma 2. Suppose we have for some K and S. Then

Proof: At first we show that is a model for
If is a constant then obviously M is a model for If is not a constant,
then:

is a model for if, and only if
is true iff
is true iff

is true iff

is true.

Since the last formula is a tautology, M is a model for
Next we show that there is no satisfiable formula Suppose the
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contrary, there exists such subclause–subformula Please note, that is not
a constant.

Case 1: some is missing.

The subclause is a non-tautological universal clause. Hence, the formula
is not true in contradiction to our assumption.
Case 2: subclause for some

Subcase: is empty.
Then the formula has the form
Since the formula is true, the truth value of must always be 1. That implies

is true. But then is the constant 1 in contradiction to our
assumption, because
Subcase: is not empty.
Then the propositional formula must be a tautology.
That means, the complement is unsatisfiable.
Since the formula

is unsatisfiable. Hence, we have
From the other side because Therefore, we
have That is a contradiction to the minimality of for

since is a proper subclause of
Altogether, we have shown that no proper subclause-subformula of is true.
Hence, must be in S.

Definition 7. For two classes of propositional formulas and we define:
if and only if and vice versa.

Lemma 3. (Uniqueness)
1. propositional formulas: and

2. propositional formulas: and

Proof: Ad 1: Suppose and are given, but Let
Then has a K–model, because of Since there

exists a subclause–subformula with
Since has a K–model, there is a formula with
Because of the minimality of see definition of part 2, we obtain
and therefore in contradiction to our assumption.
Ad 2: Suppose we have and Then there is without
loss of generality a formula for which no formula in is equivalent
to Using lemma 2 we have Since for any model formula is
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equivalent to and there must be a model formula equivalent
to in contradiction to our assumption.

Based on the definition of the relation now we can formulate the so
called characterization problems.

Characterization Problems:
1. For a given class of propositional formulas K determine the class S with

2. For a class determine a minimum covering
respectively such that and

5 Classes of models

In this section we investigate the K–model checking and K–model problem for
various classes K of Boolean functions given as propositional formulas or as
quantified Boolean formulas with free variables. At first we define some classes
K followed by an overview of known or later on proved complexity results.

Definition 8. We define and

In the following tabular the first column contains classes K of Boolean func-
tions. The last two rows are devoted two Boolean functions given as quan-
tified Boolean formulas with free variables. The abbreviation PSPACE–c re-
spectively NP–c and coNP–c stands for PSPACE-complete respectively NP–
complete and coNP–complete. is a class in the polynomial-time hierarchy

is 0 or 1}
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defined as the class of polytime solvable problems,
Thus, and Relation-

ships between prefix classes of QBF and classes of the polynomial-time hierarchy
has been shown for example in [11].

The second and the third column states the complexity of the K–model
checking and the K–model problem. In the last column the characterization S
with is listed.

5.1 Basic Classes and

We start with the class that means with constant functions 0 and 1. If we sub-
stitute in a QCNF formula the existential variables by
some then we obtain the formula
The formula is true if and only if is a tautology,
where is generated by removing any occurrence of literals over in Hence,

has a if and only if has a
Furthermore, a propositional formula over the variables is satisfi-

able if and only if i.e. has a
These observations immediately imply the following propositions:

1.

2.

3.

The checking problem for QCNF is solvable in linear time, whereas
the problem for QCNF is NP–complete.
For every formula without tautological clauses: if
and only if has a
A formula has a if and only if
every clause contains a literal over an existential variable, such that

is satisfiable.

that means besides the constants 0 and 1, functions of the form
are closely related to the class Q2-CNF. That any satisfiable

Q2-CNF formulas has a         follows immediately from the linear time
algorithm deciding the satisfiability problem for Q2-CNF [8]. The other propo-
sitions of the following theorem can be shown easily. A complete proof is given
in [8].

Theorem 1. ([8])

1.

2.
3.

For QCNF, the checking problem is solvable in linear time and
the problem is NP–complete.
Any formula has a
A formula has a if, and only if there is some

5.2 QHORN Versus

The class of quantified Boolean Horn formulas QHORN is one of the QBF classes
for which the satisfiability problem is solvable in polynomial time. There exist
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algorithms deciding the satisfiabilty problem in quadratic time [7]. In this section
we present some results which show, besides the constants 0 and 1, that any satis-
fiable QHORN has monomials as a model. Moreover, any
QCNF formula having a contains a satisfiable subclause–subformula
in QHORN.

Theorem 2. [8]

1.
2.
3.

4.

5.

The checking problem for QCNF is solvable in quadratic time.
The problem for QCNF is NP–complete.
Any formula has a and a

can be computed in polynomial time.
A formula has a if and only if there is some

The intersection of two models and is
defined as

For arbitrary formulas with two distinct models and in
general the intersection is not a model for Take for example the
formula. Then and are distinct
models for but the intersection is not a model.

For propositional Horn formulas the intersection of models, that means sat-
isfying truth assignments, is a satisfying truth assignment, too. A similar result
holds for QHORN.

Theorem 3. For if and are
models for then is a model for

Proof: Let be a formula with universal vari-
ables and existential variables For
it suffices to show that for the clauses the propositional formula

is a tautology. We proceed by a case distinction on the
structure of Horn clauses.
Case 1: (no positive in
Let where is a disjunction of in which at
most one positive literal occurs and We obtain

Since is a model for the formula
is a tautology. Hence, is a tautology.
Case 2: (positive in Let where is
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a disjunction of negative and
We obtain

Since and are models for
and are tautologies. Hence, is a
tautology.

5.3 Classes 1-CNF, 1-DNF, 2–CNF, Horn, and 2–Horn

In this section we investigate for further classes of propositional formulas the
complexity of the model problem as well as the model checking problem.

Lemma 4. For
the X–model checking problem is co NP–complete,
whereas for the Y–model problem is in

Proof: Model checking problem: That the various model checking problems are
in co NP follows from the fact that the general CNF–model checking is coNP–
complete.
At first we show the coNP–hardness for 1-CNF–models. The coNP–hardness
follows from the following reduction of the tautology problem for propositional
formulas in 3-DNF. We associate where the are
literals over the variables with the formula

For each we define and
Clearly, and
therefore M is a model of if, and only if is a tautology.
The coNP–hardness for the classes 2-CNF, HORN, 2-HORN follows, because

The coNP–hardness for the 1-DNF–model checking problem can be shown sim-
ilarly by associating with  the formula

Model problem:
At first we show: there is a polynomial such that if a formula has a
2-CNF–model, then there is 2- CNF–model of length less than
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For variables there exists at most different 2–clauses over these
variables. Therefore, the maximum 2-CNF over variables has length less than

If a QCNF has universal variables, then after the substitution of
occurrences of existential variables by some 2-CNF–formulas over these variables
the length of the resulting formula is less or equal than

Since 2–HORN and 1-CNF is a proper subset of 2-CNF an analogue proposition
holds.

That means, we can solve the model problem for 2-CNF respectively 2-HORN
by non–deterministically guessing a proper sequence of formulas in 2-CNF re-
spectively 2-HORN of length In a second step we check whether the
formulas build a model for Since the model checking problems are in coNP
we obtain our desired result.
The proof for 1-DNF is similar to that for 1-CNF. Altogether, we see that the
model checking problems are in

For HORN formulas the number of different clauses over variables can not
be bounded by a polynomial in Therefore, we can not conclude as for 2-CNF
that the HORN–model problem is
It is an open problem whether there is a polynomial such that any QCNF
formulas for which a HORN–model exists, has always a HORN–model of
length less or equal than

5.4 QCNF* –Models

In this section we discuss the case that the Boolean functions are given as quanti-
fied Boolean formulas with free variables. It is well known that a Boolean function

over the variables can be represented as quantified Boolean formula
with CNF kernel and free variables For example

is logically equivalent to the propositional formula

The length of is whereas has length
In comparison to propositional formulas in some cases the length of the quan-

tified Boolean formula with free variables is essentially shorter than the shortest
CNF representation (see example above). The set of quantified Boolean formulas
with free variables is denoted as QCNF*. Now instead of substituting existen-
tial variables by propositional formulas we replace the existential variables by
formulas in QCNF* and adopt the K–model definitions. Please note, that a sub-
stitution of QCNF* formulas may lead to QBF formula not necessary in prenex
normal form. But the resulting formula contains no free variables, since the free
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variables of the substitute are bounded by the universal variables of the input
formula.

The question whether a quantified Boolean formula has a QCNF*–model
is equivalent to the question whether the formula has a CNF–model, since any
Boolean formula and therefore any CNF formula can be represented by a QCNF*–
formula. That shows the PSPACE–completeness of the QCNF*–model problem.
On the other hand, the CNF–model checking is coNP–complete (see Lemma 1),
whereas the QCNF*–model checking problem seems to be much harder.

Lemma 5. The QCNF*–model checking problem is PSPACE–complete.

Proof: The problem lies in PSPACE, because the substitution of the existential
variables by quantified Boolean formulas with free variables in a formula

leads to a quantified Boolean formula of lenght The problem
whether the resulting QBF formula is true, obviously is in PSPACE.
Now it remains to show that the QCNF*–model checking problem is PSPACE–
hard. For the formula and an arbitrary formula
is a model for if and only if is true. Since the evaluation problem for QCNF
is PSPACE–complete ([7,10]), the QCNF*–model checking problem is PSPACE–
hard.

Now we restrict ourselves to a subclass of QCNF* which has a satisfiability
problem solvable in polynomial time. QCNF* formulas with a kernel in form of
a propositional Horn formula are denoted as QHORN*–formulas. The formula
given in the example above is in QHORN*. The following proposition states
a known relationship between these formulas and propositional Horn formulas
HORN.

Proposition 1. (Horn equivalence)[7]

1.
2. There exist formulas for which any equivalent CNF formula

has superpolynomial length.

The next theorem shows that with respect to the complexity of the problems
there is no big difference between Boolean functions represented as HORN and
given as QHORN* formulas.

Theorem 4. (QHORN*–models)

1.

2.

The problem whether a QCNF formula has a QHORN*–model is as hard as
the problem whether a Horn–model exists.
The QHORN* –model checking problem is as hard as the HORN–model check-
ing problem. (coNP–complete)

Proof: Ad 1: Since any QHORN* formula with free variables is
equivalent to a HORN formula over these variables, a QCNF formula has a
QHORN* –model if, and only if the formula has a HORN–model.
Ad 2: We will show that the problem is coNP–complete.
The coNP–hardness of the QHORN*–model checking problem follows directly
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from the coNP–completeness of the HORN–model checking problem, since every
HORN formula is a QHORN* formula.
Now it remains to show that the problem lies in coNP. Let be given a QCNF
formula

and a proper sequence of QHORN* formulas
where has the free variables

Next we establish a poly–time non-deterministic procedure for the complemen-
tary problem, that M is not a model for We have: M is not a model for if
and only if

is false if and only if

is true.

Now we guess non–deterministically a truth assignment for the variables
and replace the variables by these truth values. Then we obtain a

QBF formula
where the formulas are the result

of the replacing of the variables by the truth values in These
formulas are closed QHORN formulas.
Now we show the poly–time solvability of the problem whether the formula
is true.
At first we compute the truth value of all the closed QHORN formulas
That can be done in poly–time, since the evaluation (satisfiability) problem for
QHORN is solvable in poly–time. Now we replace the formulas in by their
truth values. The resulting formula is a propositional formula with the constants
0 and 1, but without variables. The evaluation of whether the formula is true
costs not more than linear time.
If the result is true, then we know that is true and therefore M is not a model
for Further, if M is not a model, then there is an truth assignment for for
which is true.
Hence, the QHORN*–model checking is in coNP.

6 Conclusions and Future Work

This paper opens a new approach to explore quantified Boolean formulas by
studying Boolean function models. Several issues remain for further work. Ac-
tually, we do not know the complexity of the Horn–model problem and the
QHORN*–model problem. For characterizations, the classes of QCNF formulas,
which can be characterized by 1-CNF–models, 1-DNF–models, 2-CNF–models,
2-HORN, etc. are not clear. In addition, models consisting of Boolean functions
represented by quantified Boolean formulas with free variables are rather inter-
esting, because of the space saving representations.



32 H. Kleine Büning and X. Zhao

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

Aspvall, B., Plass, M. F., and Tarjan, R. E.: A Linear-Time Algorithm for Test-
ing the Truth of Certain Quantified Boolean Formulas, Information Processing
Letters, 8 (1979), pp. 121-123
Cadoli, M., Schaerf, M., Giovanardi, A., and Giovanardi, M.: An Algorithm to
Evaluate Quantified Boolean Formulas and its Evaluation, In: highlights of Satis-
fiability Research in the Year 2000, (2000), IOS Press.
Cook, S., Soltys, M.: Boolean Programs and Quantified Propositional Proof Sys-
tems, Bulletin of the Section of Logic, 28 (1999), pp. 119-129.
Feldmann, R., Monien, B., and Schamberger, S.: A Distributed Algorithm to
Evaluate Quantified Boolean Formulas, In: proceedings of AAAI, (2000).
Flögel, A., Karpinski, M., and Kleine Büning, H.: Resolution for Quantified
Boolean Formulas, Information and Computation 117 (1995), pp. 12-18
Giunchiglia, E., Narizzano, M., and Tacchella, A.: QuBE: A System for Deciding
Quantified Boolean Formulas, In: Proceedings of IJCAR, (2001), Siena.
Kleine Büning, H., Lettmann, T.: Propositional Logic: Deduction and Algorithms,
Cambridge University Press, (1999).
Kleine Büning, H., Subramani, K., and Zhao, X.: On Boolean Models for Quanti-
fied Boolean Horn Formulas, SAT 2003, Italy. Lecture Notes in Computer Science
2919 pp. 93–104, 2004
Letz R., Advances in Decision Procedure for Quantified Boolean Formulas, In:
Proceedings of IJCAR, (2001), Siena.
Meyer A.R., Stockmeyer L.J., Word Problems Requiring Exponential Time: Pre-
liminary Report, In: Proc. Ann. Symp. on Theory of Computing (1973), pp.1–
9.
Stockmeyer, L. J.: The Polynomial-Time Hierarchy, In: Theoretical Computer Sci-
ence, 3 1977, pp. 1-22.
Rintanen, J.T.: Improvements to the Evaluation of Quantified Boolean Formulae,
In: Proceedings of IJCAI, (1999).



Polynomial Algorithms for MPSP
Using Parametric Linear Programming

Babak Mougouie

Max-Planck Institut für Informatik,
Stuhlsatzenhausweg 85, 66123 Saarbrücken, Germany

mbabak@mpi-sb.mpg.de

Abstract. The multiprocessor scheduling problem(MPSP),
is known to be NP-complete. The problem

is polynomially solvable, however, if the precedence relations are of the
intree(outtree) type, or if the number
of processors is two, In this paper, we introduce a
parametric linear program which gives a lower bound for the makespan
of MPSP and retrieves the makespans of the two polynomially solvable
problems.

1 Introduction

Let G = (V,E) be an acyclic directed graph. We denote by
the set of tasks, and by E the precedences between those tasks. A precedence

implies that the task depends on the result of the task and
must be completed before If there is a path from to in G,
we say is a predecessor of and is a successor of Let and

denote the set of all predecessors and successors of consecutively.
Furthermore let be a set of identical processors. Each task
can be processed by one of the processors in 1 unit time; therefore

we can define a discrete set of time-steps No two tasks can be
assigned to the same processor at a time-step A schedule
is a mapping of V to We denote when a task is scheduled to a
processor at the time-step and otherwise.

defined as and and

Additionally, we define a positive integer variable T such that the time con-
straints and are satisfied. The multiprocessor
scheduling problem (MPSP) seeks to minimize T such that the assignment,
resource, time and precedence constraints are satisfied.

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 33–42, 2004.
© Springer-Verlag Berlin Heidelberg 2004

The assignment constraints are defined as which means
each task should be processed once. The resource and precedence constraints are
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MPSP is formulated as:

T*(to be clearer sometimes we write T* (G)), the optimal objective value of
(1), is the makespan of MPSP which is the last time-step that a node in G
is scheduled. A schedule is valid if it satisfies (1) and S*, the optimal solu-
tion corresponding to T*, is called the optimal schedule. Obviously, an optimal
schedule must not be unique.

MPSP is known to be NP-complete in general [9]. However, a number of
special cases can be solved in polynomial time. In [7], Hu presented his “level
algorithm” which is applied to solve MPSP when G is either an intree, i.e., each
node in G has at most one immediate successor, or an outtree, i.e., each node in G
has at most one immediate predecessor (if then is the immediate
successor of and is the immediate predecessor of

Fuji, Kasami & Ninomiya [3] presented the first polynomial algorithm for
MPSP when based on matching techniques. Coffman & Graham [1] gave
another algorithm based on a lexicographic numbering scheme. The run-time of
their algorithm was improved by Sethi [8], Gabow [4] and Gabow & Tarjan [5].

In this paper, we present a parametric linear program, which gives a lower
bound for the makespan of MPSP and additionally provides the makespans of
the cases G = intree(or outtree) and This unifies the two methods, Hu’s
level algorithm, HLA [7], and Highest level first algorithm, HLF [4].

The paper is organized as follows: In section 2 we introduce the parametric
linear program, PLP, and show that it’s optimal objective value is a lower bound
for the makespan of MPSP. In section 3 we present a modified version of HLA,
and prove that applying PLP and HLA on intrees(or outtrees) we get the same
makespan; therefore the bound found by PLP is tight. In section 4 we find the
makespan of using a modification of HLF and PLP. In
section 5, the generalitry of PLP is outlined. Section 6 briefly summarizes the
results and gives an outlook to further research.

2 The Parametric Linear Program(PLP)

Definition 1. PLP is defined as:
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where LP(1) is the linear relaxation of (1) and is an integer parameter. Let
and be the smallest integer such that is not

empty. To be clearer, we write sometimes

Definition 2. The following terminologies are used throughout this paper.

CP: critical path of G = longest path in G; and CP(G) = length(CP).
length of the longest path from any node in G to
length of the longest path from to any node in G.

&
&

and were introduced for the first time by Fernandez & Bussel [2]. It’s
obvious that are  nonempty disjoint partitions of V where

Each is called the successive level of if
is called the direct successive level of for

Decomposition of G = (V,E): Let G can be decomposed into
two graphs and such that has
both end points in and has both end points in

We start with some lemmas to prove that is a lower bound for T*.

Lemma 1. Let Then for any

where and
In other words, &

Proof. We do the proof by induction. Let therefore
Let be this longest path.

Let and suppose the hypothesis holds for all with
Let be the longest path from any node in G to It’s obvious that

With the same argumetation and the fact that it can be
proven where
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Lemma 2.

Proof. Let

Suppose Then Let
therefore From lemma 1 we know

and therefore which is a contradiction to assignment
constraints. Thus, and
Let be an optimal schedule. Obviously

Since is the smallest integer
s.t. is not empty, therefore
From resource constraints we have
therefore This alongside with assignment con-
straints will give Since is integer, we get

Theorem 1.
for

Proof. Let and From
the definition of we have This and lemma 1 result

Let’s decompose G into and Lemma 2 states
that therefore

because Since we get the result.
The other case can be proven similarly.

3 Hu’s Level Algorithm(HLA)

for

Let G = (V, E) be an intree and for are given. A starting node
is a node with no predecessor in G.

The algorithm “executes” starting from the smallest indeces. More
precisely, suppose have already been executed. is executed as
follows. arbitrary nodes from are scheduled at the current time-step(1 in
the beginning) and removed from and G; and the time-step is incremented
once. The same procedure is done If the execution of is
completed. Otherwise the algorithm schedules starting nodes from the successive
level(s) of with maximum until nodes are scheduled at the current
time-step or no more starting node exists.

Up to now, we have found a lower bound for and T*. In this section, we
investigate the tightness of this bound. To do so, we modify HLA [7] on intrees
and show that the optimal schedule obtained with this algorithm has makespan
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Figure 1 gives an intree and a schedule as Gantt chart (the tth column shows the
nodes in

Fig. 1.
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Using HLA, a schedule where if and
otherwise, and are obtained. Now we prove

which implies therefore, first, HLA gives an optimal
schedule for MPSP on intrees and second, is tight. The next lemma is needed
to prove this.

Lemma 3. In the solution retrieved by HLA on G=intree,
for all Furthermore, if for any then

This means for any there exists

Proof. Obviously Let be the smallest time-step for
which Since G is an intree, therefore the set of immediate successors
of the tasks in has at most members and consequently, has at most

members. Similarly, we can prove for
As a result, for This means for any there

exists for which means there exists a
path with length where for Therefore

for Additionally, is a
contradiction because in this case, cann’t be scheduled at time-step Thus

for all s.t. for so the proof
is complete.

Theorem 2. G = intree:
G = outtree:

for

Proof. Let for be the output of HLA algorithm and be the
smallest time-step that Let therefore

Obviously:

As a consequence,
otherwise for and

according to lemma 3, which is a contradiction to the

Furtheremore, let where This
means

Since the proof is complete.
The case of outtrees is proven similarly.

As a result, the time complexity to find the makespan of
is O(PLP).

fact that is the smallest time-step with this property.
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4 Level Algorithm for

In this section, we present LA2 algorithm which is a modification of HLF. The
constraints resulted from LA2 will be added to PLP and this gives the makespan
of

First we mention the Higest level algorithm, HLF [4]. Similar to HLA, HLF
“executes” starting from the smallest indeces. Let be al-
ready executed, and contains unexecuted nodes. is executed in the next

time-steps, as follows. Let be the current time-step, then at each time-
step two nodes of are scheduled and then removed from

and G. If is even, this completes the execution of is odd)
the last node of is scheduled at and possibly(but not necessar-
ily) a starting node from the successive level(s) of (we say jumps). This
completes the execution of

The last node in is chosen such that the starting node which jumps
belongs to a successive level of with the smallest index(or higest level as
named in [4]). This guarantees the optimality of the schedule. The difficulty in
constructing such a schedule arises when there is a choice of starting nodes in
a successive level to jump. Our goal is to retrieve the makespan of the schedule
but not the schedule itself, therefore in LA2, we just keep the track of those
successive levels containing a candidate starting node to jump and we don’t
schedule or jump any node.

The main task of LA2 is to find in which time-steps of an optimal schedule,
only one node is scheduled. Then some constraints are added to to
maintain this for any integral solution in This increases that much that

LA2 works as follows:
Let be executed and be the current time-step. Remove all

nodes in and their adjacent edges from G. If is
is the number of nodes already needed to jump from no action is done.
Otherwise, find a starting node with maximum such that

s.t. Then we might need to do three actions:

1.

2.

3.

If is empty, this means it is the first time that a node in needs
to jump; therefore all candidate nodes to jump in are added to
If then there exists only one node to jump; there-
fore we remove all nodes in       from     and G. Otherwise, is
incremented once.
If there exists no starting node to jump, then no node in can
be scheduled at the current time-step and before that. Then some constraint

is retrieved and added to

The algorithm terminates when is executed.
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Theorem 3. Let be the smallest integer such that Then
where T* is the makespan of MPSP with

Proof. Let be the first index such that is odd and the next start-
ingt node does not exist. Let nodes
It can be easily seen from the course of the algorithm that when the
constraint is retrieved for the first time. We know, as long as a starting
node to jump exists, there exists an optimal schedule that in each time-step

schedules exactly two nodes(HLF guarantees that such an opti-
mal schedule exists). Additionally, in time-step of this optimal schedule
is only one node scheduled. Therefore, for a subgraph where

with both end points in we have
Consider the graph where and

with both endpoints in Since no starting node exists, the jumped nodes
are all removed from    and therefore HLF is an optimal schedule
and no node from can be scheduled at time-step and before
that, therefore by adding the constraint to

we get
Doing the same procedure we will get a sequence, such that

Since HLF gives an optimal schedule, therefore
and because we get
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We turn our attention to the efficiency of the algorithm. The construction of
for is done in The overall time for the algorithm is dominated
by the time spent in finding a starting node which is done in the worst case in

5 Remarks on the Generality of PLP

The simplest natural generalization of the graphs solvable by HLA and PLP is
opposing forest. A graph G = (V, E) is an opposing forest if it can be decomposed
into two disjoint and independent subgraphs, and
where in an intree and is an outtree.

is solved in polynomial time if is fixed [6].
This time is bounded by which is clearly not efficient.

The first question is whether or not. For the following opposing
forest with we have but T* = 9,

Fig. 2.

and an optimal schedule would be:
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where the first two columns contain the nodes scheduled at time-steps 1 and 2
and the last two columns contain the nodes scheduled at time-steps 8 and 9. All
the nodes in between can be scheduled in time-steps 3,...,7.

The problem is that all nodes in can be scheduled in time-
step 2, but for a feasible schedule at least one of them should be at a time-step
after 2. The same problem is for

6 Summary

In this paper, we have presented a parametric linear program, PLP, to retrieve
a lower bound for the makespan of multiprocessor scheduling problem(MPSP),

which is NP-complete in general.
However, for the special case there exists a

polynomial algorithm HLA. We have proved that the makespan found by HLA
is equal to the optimal solution of PLP. Therefore, PLP provides a tight lower
bound for the makespan of MPSP.

Besides, there exist several polynomial algorithms for the case
offered in [3], [1], [8], [4] and [5]. We have modified HLF algorithm pre-

sented by Gabow [4] , and the constraints obtained from our modified algorithm,
LA2, will be added to PLP, which gives the makespan of MPSP with

Finally, the generality of PLP is considered and shown that for the case
PLP will not give the makespan. This will be

an important part of our future work.
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Discrete and Continuous Methods of
Demography*

Walter Oberschelp

Rheinisch-Westfälische Technische Hochschule Aachen

Abstract. A discrete model of population growth in the spirit of Fi-
bonacci’s rabbits, but with arbitrary fixed times for the beginning and
the end of fertility and for death is investigated. Working with generat-
ing functions for linear recursions we pursue the idea to give asymptotic
estimates for the number of existing individuals by means of the powers
of one single main root of the function’s denominator. The mathemat-
ical problem of mortality is easy to handle. While the outlines of such a
paradigm are recognizable in the case of perpetual fertility, there remain
open problems with the localization of roots on unexpected “bubbles”,
if fertility gets lost at a finite time. Therefore, an alternative method of
asymptotic approximation via convolution techniques is given.
A generalization of this model to realistic situations with age dependent
fertility rates is straightforward. Modern computing techniques admit a
convenient survey over the existing roots. In competition with continuous
models of demography the results seem to clarify the global influence of
the demographic data in the so called stable models of demography. This
model is basic for prognostics, when – more general – dynamic changes
of the demographic parameters occur.

1 Introduction

The German and moreover the European society is threatened by a demographic
danger: Senescence is increasing, childrens are rare, pensions will overtax the
working young generation very soon. The predictions for the next 50 years are
gloomy. The reasons for this development are obvious: Too many women give
birth to only few children or none at all. The question is: In which way influ-
ence the demographic parameters, which are measured by our statistic boards,
this evolution? Can we estimate the future development from these data in a
transparent and reliable way?

The mathematical problem behind this seems trivial in principle: We only
have to collect the birth-, mortality- and migration-statistics in an obvious way;
then in pursuing each cohort separately and summing up we get the desired
data; and in changing the assumptions, e.g. by considering alternative family-
policies, this obvious model always admits prognostics. Thus we are in a much

* Dedicated to Michael M. Richter in remembering our joint activities to develop
informatics at Aachen on a mathematical basis

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 43–58, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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better position than T.R. Malthus, who in his famous “Essay on the principle of
population” (1798) was confronted with the opposite effect of over-population.
Malthus recommended decreasing the standard of living for the poor and keeping
them under control in workhouses as the best remedy.

Unfortunately the program of population prognostics by elementary process-
ing of statistical parameters lacks global understanding. As a typical method of
experimental mathematics it calculates the reason-result-relation by brute force,
but the relation between input parameters and output data is not transparent.
Therefore one is looking for models, which give a better evidence. Obviously,
only the generative behavior of women, of mothers and their daughters, is sig-
nificant, while male persons are not essential for the I-O-analysis, even though
they are not completely dispensable; but from a statistical point of view male
men are merely catalysators. This remark is important for societies like China,
where – as we know – much more female than male embryons are aborted.

A realistic model has to be rather complex: Surely, the average number of
daughter-births for a woman will not be a reliable basis, for obviously if all
women would decide to get their daughter with 40 years (and not with 20) this
would be of strong influence.

The data in our context are, of course, discrete, since we usually have col-
lective annual statistics with respect to some key-date. And pregnancy is a 0-1-
event! Nevertheless, following the well-approved techniques of natural sciences
one would try to develop a continuous model. In fact, this has been done in
the first half of the last century in renewal theory. (An excellent source of in-
formation about this development is given in [12].) Starting with A.J. Lotka,
mathematicians like W. Feller (1941) have given such an approach ([12], p. 133),
and usual textbooks on population dynamics (cf. [7], (chap. 3)) seem to favor
the continuous concepts. L.C. Cole (1954) has analysed the connections between
both methods ([12], p. 190). The continuous existence theorems in terms of cer-
tain definite integrals are elegant, but do not give satisfactory intuitions. Absurd
statements like “there are 0.006 children born worldwide in a millisecond” cannot
arise in a discrete model. On the other hand there is a general experience, that
things become seriously difficult in discrete models. But nevertheless, motivated
by famous historic pioneers, we shall develop a discrete approach, which is able
to investigate (under admittedly idealized assumptions) a somewhat mysterious
paradigm of the main root (see e.g., [12], pp. 190, 224, 233 etc.) as a challenge
for further investigations. Moreover, the power to compute efficiently roots of
polynomials enables us to give global predictions at least in the so called stable
model with quickness and precision. This was inconceivable some 60 years ago
([12], p. 237).

The method of generating functions – and working with their residuum poles
– offers (in the context of this symposion for M.M. Richter) a bridge between
discrete logical reasoning via linear recursions and an approximate estimation of
their solutions via the poles of their generating functions. It should be mentioned,
that there is an equivalent approach with matrices and their eigenvalues, which
has been presented by P.H. Leslie (cf. [12], p. 227 ff.).
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At the very beginning, I take from my shrine of mathematical saints the
person between Al Khwarizmi and L. Euler, namely Leonardo of Pisa alias Fi-
bonacci, the man, whose name is involved in more than a dozen different topics
of modern theoretical informatics, even though he is not directly responsible for
all this. We usually connect the association of “rabbits” with this name although
we should better ascribe to him the glory of introducing the Indian-Arabic num-
bers into the western world – the basis of all serious calculation techniques in
science. But our model starts indeed with Fibonacci’s original contribution to
rabbit-demography in his Liber Abbaci from 1202. We present a facsimile1 of
these very famous two pages, which is taken from a nice book of H. Lüneburg
[6]. This author, who is a collegue of our celebrated jubilee from Kaiserslautern,
coquets somewhat in not (or only scarcely) paying attention to the Fibonacci
sequence of rabbits at time

Does the abundance of many other important achievements of the Liber Abaci
really make the rabbit business to a mere anecdote? It might enjoy the reader
to read the latin text (with some help in punctuation):

1 Biblioteca Nazionale Centrale Firenze, Codice Magliabechiano m.s. Conv. Soppr.
C.I.2616, ff.: 123v, 124r. Reproduced by concession of the Ministero per i Beni e le
Attività Culturali della Repubblica Italiana. No reproduction in any form without
authorization by the Biblioteca Nazionale Centrale Firenze.

The inclusion of these facsimiles would not have been possible without the kind
support of Heinz Lüneburg who provided the material.
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Note, that at the right margin of the facsimile the numbers are given again
in a vertical table. It is curious, that the well renowned Fibonacci Association
would not accept this text as a paper for its “Fibonacci Quarterly”, since the
Liber Abaci does not meet the Association’s regulation to begin the sequence
with

We furthermore call attention to the fact, that Fibonacci’s sequence has a strong
connection to the golden section with the mysterious number

a classical measure of architecture and art already in antiquity. It is
furthermore amusing that Fibonacci’s sequence seems to be a guideline in guess-
ing future exchange rates by superstitious stock brokers (see, e.g., Frankfurter
Allgemeine FAZ, Oct. 8, 2003).

The increase of rabbit population is in fact some crude form of demogra-
phy: The fertility of the rabbits never ends, and moreover they are immortal.
Therefore we extend this model and assume, that fertility starts at the age of
that fertility ends at and that the individuum dies at age These
assumptions seem still very simple, since according to this model each woman
bears one daughter per time unit, since fertility ends simultaneously and since
all women die at the same age. But under this “ideal” model the main root
paradigm mentioned above will be preserved with some surprising facets and
conjectures.

Finally we will take a look at a generalized application, which takes into
account the average fertility of women at a certain age and which uses the
mortality tables.

2 Generalized Fibonacci Demography

The connection between and the Fibonacci sequence with its recursion
is usually attributed to Binet (1843), but in fact Euler has given

this formula already in 1765:

This result might be better understood by noting, that and
are the roots of the characteristic polynomial which will
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cofactors (here and – sum up to the numbers And the main root

paradigm is indicated by the well known observation, that only is crucial
for the calculation of while the term serves only as a correction
term with modulus always less than Therefore is the next integer to
For we have, e.g., according to this formula

Obviously, if fertility starts at time the recursion for changes to
But what happens, if the individuals die at the age We

shall deal with this case in a moment.
Surprisingly the recursion does not take care of

this situation (as some authors have erroneously asserted), since then individuals
would die several times. Instead, this recursion describes the situation, that the
individuals become non-fertile at this time: Of course, the fact, that an individual
of age is non-fertile can be interpreted as giving at each time birth to a new
object, which dies immediately. And what about mortality? Let be the
total number of immortal individuals with childhood of length and infertility
after units. If they die at time then the total number of living individuals
at time is obviously It is therefore sufficient to analyze

in order to get full information, and the mathematical significance of
drops out in a rather trivial manner.

3 The Generating Functions

It can be shown with standard arguments, that the generating function (GF)
is given by

The classical case is and (i.e. disappears).
Proof sketch: The sequence starts at and then goes back to

the earlier values according to the recursion
Thus in the case e.g., we get the sequence

Under this scenario

and in the same way also in general the GF is One gets the nomi-
nator of the GF for a linear recursion with constant coefficients by multiplying

mial which is assigned to the recursion. The denominator polynomial
the beginning of – which is given by the initial values – with the polyno-

be discussed later. The powers of these roots – multiplied by appropriate
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is called the auxiliary polynomial of the recursion – it is the reflexion
of the better known characteristic polynomial i.e. it is obtained from

by substituting by and then multiplying with (cf.e.g. [9], p.
84). Obviously the roots of both types of polynomials are inverse to each other.
Unfortunately auxiliary and characteristic polynomials are often confused.

Now Binet’s formula can be generalized for sequences which are defined
by arbitrary linear recursions with constant coefficients. The corresponding GF’s
are exactly the rational functions If all the poles of are simple,

an explicit formula for is well known: where the are the

roots of

tribution) by putting such that is  is the  contribution

to the Binet formula.
If is a root then from the corresponding principal part in

the Laurent expansion of at the cofactors appear in the form

and using the well known identity

one then gets corresponding contributions to the Binet formula in the general
case. There is a strict analogy to corresponding facts with linear differential
equations.

For investigations with generating functions one needs comfortable formulas
for the Laurent coefficients. In order to avoid calculations via systems of linear
equations one can use for simple roots the well known formula
Explicit formulas in the case of roots are not so well known, but can be
given in a rather simple way with the help of Bell polynomials [8].

From Binet’s general formula it is clear, that the most important contribution
to from roots of the auxiliary polynomial will have modulus < 1.

4 Perpetual Fertility and the Roots

We first investigate the case i.e. neither mortality nor non-fertility at all.

The general polynomials have been investigated by
K. Dilcher [3] in their reflected form Dilcher’s results say roughly
(in our terminology), that there is a distinguished single real root in

which is responsible for the main term in the Binet formula for
Only one more real root (which is < – 1) may exist: This happens

The cofactor can be determined from the partial fraction (Laurent con-

The classical case has been analyzed throughout.
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if is even. Roughly one third of the (conjugate) complex roots of have
modulus less than 1, and all roots – written in the polar form — are
somewhat uniformly distributed with respect to their argument in an annular
region around the unit circle. Furthermore is growing monotonously with

We add here only some few comments:
Since the polynomial is very similar to a cyclotomic polynomial, it

is not too surprising, that a similar behavior of the roots appears. Only the
occurrence of the main root is an additional feature.

Furthermore: Since for zeros of both real and imaginary parts
vanish, from

we get by squaring and adding both equations

as the equation of a curve in the polar plane, on which the zeros are situated:
We can isolate and find, that for all the relation between and is
one-one and continuous. For we get i.e. Therefore –
independent from exactly one third of the full circle area around with
the positive real axis as symmetry contains zeros which have modulus Thus
there will be a (small) fraction of those roots, which contribute an eventually

non-vanishing term to the Binet-formula.
We mention, that for similar problems in the Fibonacci-context roots

of the denominator polynomials have been investigated by several people (e.g.
[4], 270/71).

In all our considerations the polynomials have the absolute term ±1. It is
to be expected from Vieta’s root theorem, that the existence of a distinguished
main root with must be compensated by the fact, that other roots
with modulus < 1 are somehow in a minority against the roots with modulus
> 1.

Obviously the main root decides the asymptotic order of magnitude for the
population numbers, since all other roots share only an eventually vanishing
relative part of these quantities. But in order to show, that the main term is for
large absolutely precise (i.e. that the exact values are got by simply rounding
the main term, because the error has modulus less than one would have to
show, that all other roots have modulus > 1. This is according to Dilcher in
general not the case for the numbers Thus we can only save a weak
version of the main root paradigm into the case of arbitrary

5 Loss of Fertility at Finite Age

We shall investigate now, what happens, if non-fertility occurs at the finite
time Here we have to investigate the roots of the auxiliary polynomial

We start with the classical case
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For fixed         and we have the Fibonacci numbers since loss
of fertility doesn’t have influence in this initial case.

The polynomial has a simple real root and

there is for a real root in which
we call the main root and which tends to if

Theorem 1. All non-real roots of (occur in conjugate
complex pairs and) have modulus > 1.

Proof: For a zero of both real and imaginary part
vanish. We use the conjugate complexity of roots and consider only the upper
halfplane Then

We abbreviate On squaring and
adding both sides we get

Since and we have

This relation represents a continuous curve in the polar with a simple
connection pattern, since the equation is only quadratic in C. Only for
i.e. C = 1, we have an isolated region with a root where and
fulfils the equation On the other hand, putting

we get or C = ±1. Using continuity it is easy to see, that the
zeros with in have either all or all have and it
is immediate, that the first alternative is correct. Therefore, the principal root

yields the main contribution in the Binet formula for and – except
bounded contributions which result from and – the contributions of the
complex roots tend to zero if

In the general case the situation is more interesting:

of in the upper half plane, is now defined by

Putting we get
We require more trigonometry and use, that can be written as polynomial

in C using the Chebyshev polynomials We have (cf. [1], 22.3.15
and p. 795). In addition it can be proved that Thus we
have for the zeros with modulus

Using these relations we see, that the region in the is such,
that putting we get zeros for the resulting polynomial in C. We call

in addition, if is odd and another one at More important,

A region (root region), which contains (among other points) the zeros
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these zeros nodes of the root region. In general nodes ar not zeros of
since the root regions contain many other points, which are not zeros of the
polynomial. But nodes are relevant for judging, whether zeros of change
their property of having modulus larger or smaller than 1. Our result is now the

Theorem 2 (Node Theorem).
The node equation is is independent
from

Thus for fixed  and different the root regions are winding in a certain way
around the unit circle, but they all have the same nodes.

Knowing this and encouraged by corresponding properties of the Chebyshev
polynomials one can determine the nodes of exactly:

Theorem 3. has simple real roots in and these are
situated at the angels for and for

The proof is by verification and uses the fundamental identity
As an illustration, has its nodes at the angles 0°, 36°, 72°, 108°, 144°

and at 20°, 60°, 100°, 140°, 180°.
We call a between two consecutive nodes relevant, if the root region

is in the inner part of the unit circle. The zeros of which lie on these

parts, contribute essentially to the Binet formula for since
In the example the relevant regions belong to the

and The total
length of these intervals in degree measure is It is an easy exercise to
prove, that for tends to 45°. More detailed for even

degrees, for odd degrees. The special case yields, as we saw
before, Note, that the root region in the previous section, which yielded
the node with i.e. 60°, is different from the root regions under
consideration at present: The former root region was defined under the special
assumption Of course, there are always many nontrivial possibilities to
define root regions for a polynomial.

We conjecture, that in the limit one quarter of the angle region
produces relevant zeros of All this is of course very plausible, if we
remember the remark on Vieta’s theorem. Numerical evidence supports another
conjecture, that – similar to the case – the roots of are somewhat
uniformly distributed over the For and e.g., we have
in the upper halfplane 4 roots in 3 roots in 2 roots in and one root in

that the root regions are no longer connected curves: Certainly, contains
a continuous curve, which is winding around the nodes. But there may exist
separate branches of – bubbles, which may also contain roots of

while the remaining 39 nontrivial complex roots are not relevant.
There is one disappointing feature in the general case, which seems to destroy

the nice dream of a clean main root paradigm: A detailed inspection shows,
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These bubbles are often tiny and cannot be found by usual computer algebra
programs, since a command to plot the root region of a relation, which is defined
by a high-degree polynomials, is normally not available, or precision is too low,
respectively. The background of this observation is, that the node equation is
of high degree in C. In the example and there is – besides
the main root – in the upper halfplane one exceptional zero with

and in the relevant region which is not on the
main branch of All other zeros have modulus > 0.9852. This unexpected
feature throws light on another fact: The distinguished real main root seems no
longer look that amazing: The main root is simply also situated on a bubble of

Fig. 1. Roots of in the upper halfplane. The two exceptional roots
are emphasized

6 The Convolution Method

In contrast to the Binet formula there is a totally different way to calculate
the quantities Such a new method seems desirable, since the main root
paradigm becomes suspect for Therefore we discuss a second way to
estimate the growth of asymptotically. We start with the values
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from section 4 and consider them now as well known. These numbers work as
first approximations for the numbers

Proposition 1. The difference for can be calculated by
using the entries from the convolution tables induced by the numbers

As a preparation, we define as the convo-

lution of For we have the original sequence
The convolution tables can be constructed easily: Starting with the trivial first
line, which has formally the next lines can be produced from left to
right adding an entry to the left of the actual place with the upper left number
according to an obvious “template” (for the simplest case cf. e.g. [10]).
Therefore these tables are known in principle.

In order to illustrate what happens we start with two somewhat mysterious
examples:

The r.h.s.-numbers are significant entries in the convolution tables:
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Theorem 4 (Shift Theorem).

can be represented by a quickly descending sum of convolution numbers
with alternating signs.

The proof uses generating functions:

and this was the claim.

An asymptotic estimate of the convolution numbers follows from
the partial fractions for the generating functions
which can be calculated using the techniques for roots (mentioned in sec-
tion 3).

The values for the convolution numbers in the Fibonacci case are
included in the sequences M1377, M2789 and M3476 of [11].

7 Application

In order to extend the model to realistic conditions one has to take into account
the different ages, at which women bear girls. It is a straightforward task to
integrate those detailed statistical data into our previous considerations, which
used uniform data for fertility and its loss. Diversified mortality statistics for
women can also be integrated into this framework. Under these assumptions
we report on an experiment, for which we assumed, that (in Germany) women
produce during their lifetime 0.7 girls on the average. We paid attention to the
different ages, when mothers bear their daughters and to the (slightly simplified)
mortality statistics for women. We have compressed data to five-year-periods.
Starting with an initial cohort of 100000 women we found the following table:
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The auxiliary polynomial has in this situation a clearly separated single real
main root which induces an ultimate shrinkage by 6.9 percent
within five years. This means an annual decrease of about 1.42 percent. It can be
argued, that the ultimate rate of decrease does not depend on mortality statistics
– which we assumed to be fixed. Only the cofactor to may change with an
increase or decrease of life expectation.

The table confirms the heuristic expectation, that the initial cohort together
with its female descendants attains its maximum after 70 years and goes down
to one third after two centuries.

8 Conclusion

We have demonstrated, that a discrete population model can be a serious instru-
ment of demography. The investigation of the denominator-roots of the generat-
ing functions gives direct hints for the future population. It may be permitted to
dream of a computing technology, which admits to visualize the future develop-
ment instantly, when the values of the demographic parameters are dynamically
and quasi-continuously changed. If one would be able to calculate the roots of a
high-degree polynomial in real time, the present paper could be a help to realize
this utopia.
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Abstract. Computer science (and AI along with it) has fundamentally different
operational possibilities. Firstly, in that humans represent a problem area ex-
plicitly symbolically and put the solution of the problem into algorithm, in or-
der to ensure a complete problem solution. Secondly, in that they – using the
preconditioned computer less as a controlled transformation medium than as a
to a certain extent unknown physical system – initialise a certain approach and
observe the calculation process, and thirdly as a medium for the representation
of pictures, dynamics, etc.. My paper focuses on basic questions of representa-
tion by means of computers, which are directed in particular towards the char-
acter of the symbolic and the pictorial, the discrete and the continuous, and
thinking in symbols and in analogue structures respectively.

The opposition of logic and approximation is connected with the oppositions
of discrete and continuous, that is finite and infinite, digital and analogue, num-
ber/script and picture and also calculation and simulation, closed and open so-
lutions, structuralism and constructivism. Signs, symbols, numbers, letters, let-
ter scripts (such as the Korean or Roman alphabets), algorithms, logic, complete
models are therefore opposed to the continuous, the analogue, pictures, pictorial
script (Chinese, some Japanese scripts), simulation, statistics and probability,
and evolutionary models.

1 Characteristics of Computer Science as a Science

A science is generally characterised by its subject, theory/ies and method/s. In addi-
tion however, it is also determined by its epistemological aim/s and purpose/s, those
of its findings and the nature of the research processes themselves, such as laboratory
or field studies, the intellectual work of mathematicians or the computer work, not
only of computer scientists, that is by the historically developing processes which
guide research. In the case of computer science, it is striking that it is difficult to de-
termine the subject and epistemological aims and purposes. That distinguishes it from
the traditional technical sciences, which have a well-defined subject area to which
basic knowledge can be applied, where material and task determine the method, and
whose subjects are conversely limited by their methodical accessibility (Pflüger
1994). Although the computer is a subject of computer science research and is the
subject and the material (in the engineering sense), with which computer science

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 59–76, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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operates1, it does not take on the role that for example the object “living material”
plays in biology. To a certain extent, the applications of computer science play this
role as starting material for focussing on computer-technical realisation and problem-
solving. However these application areas are almost arbitrary in computer science,
and they are primarily the subjects of other sciences, such as biology for example.
Pflüger therefore refers to a missing subject reference, which he claims makes com-
puter science boundless and unfounded. “The method is not mediated by the subject,
is no longer the way which the thing itself goes, but obeys a scheme of the machine,
which is pulled on to cover reality. Computer science operates in very different sub-
ject areas; social, scientific and technical, with one homologue approach, that of com-
puter programming.”

Computer scientific problem-solving, for biology for example, has an effect on both
biology and computer science. According to Pflüger, computer science within a par-
ticular context leads to “unfoundedness” towards the context, to the phenomenon that
applications of computer science are able to fundamentally influence and change their
methods and even their medium, the computer. To an increasing extent, the contexts
determine findings interests and methods of computer science, and even change the
medium of the computer itself, whose architecture ranges from the von Neumann
computer to parallel, distributed or connectionistic systems, right up to the material, if
we consider alternative materials such as biological or atomic chips instead of silicon-
dioxide chips in genetic and DNA computing or in quantum computers. On the level
of representations, we can observe a movement from language to pictures, from the
transformation of symbolic representations to that of signals, impulses or parameter-
ised data without direct meaning for humans, from closed to open systems.

At this point the question of the constants of computer science also arises. To what
extent formalisation and symbolic representation2 can still be used to describe com-
puting methods, must be discussed in connection with computing representations. We
must distinguish between formalisation and symbol processing on one side and signal
and code processing on the other side, in processing data, numbers, signs, vectors or
general complex data. One means of differentiating can be, for example, the place
where meaning appears for humans, on the level of atomistic signs or on the holistic
level. The replacement of the von Neumann computer with parallel and evolutionary
hardware systems further results in shifts from linearity to multi-dimensional, parallel
or holistic processing of signals and data. The importance of algorithms is thereby
reduced in favour of simulating and evolutive processing methods, for which empiri-
cal observation is gaining importance as opposed to verification, and thereby the open
construction with regard to results and meaning. A further important element3 of
epistemic changes, along with the visualisation of dynamics, is the increase in picto-
rial as opposed to textual representation made possible by increasing memory space.

Software is rather still an object of computer science, but as it only exists in connection with
hardware and cannot be principally separated from hardware – every software can also be
made as hardware – we may simply refer to computers.
Semiotics is often used in an attempt to find a methodical foundation for computer science,
cf. e.g. Andersen, 1990; Nake, 1993, pp. 165 – 191.
A second, connected element is the increase of simulations, from open as opposed to closed
provable solutions, whereby computer science also comes closer to sciences.

1

2

3
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2 The Opposition of Discrete and Analogue

Discreteness and continuum are models of reality which describe reality differently
and can be applied differently. In order to make use of them in the context of com-
puter science, the opposition of logic and approximation must first be referred back to
the differentiation between representation and the matter represented, between model
and reality. Then discrete or analogue representations and/or their approximations and
their transformations can be chosen accordingly. Finally, abstract symbolic represen-
tations, and also continuous representations, can be distributed in analogue form for
adaptation to the extensively analogue human cognitive orientations. In differentiating
between reality and physical measurement of this reality, that which is measured,
which can usually be analogue (acoustic signals), but also discrete (measured data in
scintillation counters, bubble chamber or in an MRI cylinder) we can already see that
the difference between analogue and discrete is not an absolute difference. This is
visible for example in photography, where the dualism of wave and corpuscle, or in
rather more macroscopic terms, picture on photo paper and grain of silver bromide,
makes the difference dependent on the “zoom”, on the sharpness of the observation.
After analogue measurement, conversions of the measured item (e.g. analogue-to-
digital converter) can support further manipulation and processing into diverse forms
of representation (e.g. MRI measurement values are transformed back into Maxwell
equations to describe areas and these are further processed for digital image produc-
tion).

Relationship between Model and Reality in Computer Science
Explicitly representative computer modelling usually follows the copy perspective, not
the construction perspective, i.e. the cognitive process, which is intended to produce a
relationship between a formal model and the assumed reality and as a result then sets off
the software production and construction processes, observes the position of the Copy or
Correspondence Theory (Tarski 1983). For the epistemological relation between model
and original, it is assumed that the reality in which we live exists as objectively given,
independent of cognitive models. Should it be successfully reproduced in a model, this
model is a reproduction of an original. In contrast, objections against this can be adopted
in variously extreme relativisations of the constitution of reality and its epistemological
possibilities, e.g. with various radical constructivist positions: even assuming there is a
reality independent of our perception, we interpret what we perceive hermeneutically
according to our experiences and prejudices, wishes and objectives, in a historically and
culturally contingent manner. Computer scientists also often take a pragmatic position.
The question of whether our models reproduce an objective reality or whether they
construct this in the first place is the wrong question: a model is not good because it is a
true copy of reality, but because we can successfully operate with it in reality. The on-
tological question is therefore replaced by the relation of the means to the purpose.
However such a model marks that which is perceived or specified with a special order,
it can omit areas of reality which appear unimportant, including those that prove to be
essential in hindsight through their functional omission (incomplete specification). This
necessarily represents the specific and restricted view of the section of reality of those
involved in the modelling (determination of requirements) with regard to the relationis-
ing and validation. To what extent this causes damage in the context in which the prob-
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lem-solving is embedded depends on the adequacy of this view for the processes in the
individual context.

Other models not based on explicit symbolic reconstruction can simulate input-
analogue physical processes in analogue or hybrid computers for example, they can
further process discrete input data such as image data like in a Boltzmann machine, or
they can leave the problem of fitting together the suitable DNA strands to the DNA
soup as in DNA computing.

Discrete / Analogue
A symbolic representation is always discrete, even if it should stand for something
continuous. The approximation also has a discrete character, i.e. it remains in discrete
representation, unlike interpolation, but like the latter it connects discrete and con-
tinuous areas, in this case in that - with the human perception of reality – that which is
represented, the continuous, the infinite is approximated by something discrete, in that
case the representation itself stands for a mathematical constant. Logic like the typog-
raphy comes from symbolism as well.

Analogue representations are (separately) continuous descriptions, represented as
curves or as mathematical formulae or as reproducible physical recordings, which vary
proportionally to reality. An acoustic signal for example can be recorded by physical
measuring equipment in a diagram in wave form on various media (tape, record, even
an oscillator), varying in correspondence with the real sound, capturing this occurrence
or only varying temporarily with it. A photograph varies shades of grey with that which
is photographed. Such an analogue recording possibly contains more detailed informa-
tion than a digital recording, however it is far less precisely storable and transferable
than the digital recording. Analogue recordings cannot be copied or manipulated arbi-
trarily without changing the sound, increasing hissing, reducing precision. Analogue
storage media therefore do not store precise measurements but intervals, between which
the measured signal can no longer be exactly determined.

In computers, analogue and discrete elements are connected on various levels. On
the lowest material level everything is analogue, the various hardware states are ana-
logue but can also be immediately reinterpreted discretely, the state transformations
as electron conversions have an analogue character. Discrete elements can be seen in
the symbolic code, in assembler or programming languages for producing these state
transformations, and in the symbolic representations, models and specifications, both
as a means of interpersonal understanding and as a means of preparation for the pro-
gramming, and as a language in themselves.

Analogue-to-Digital Converters 4

The technology of A/D-conversion from analogue to digital takes measurements
made by technical sensors in the environment as its starting point: changes in light,
gravity, temperature, moisture, noise or pressure are transformed into voltage when
the change in resistance at the measuring device creates a change in electrical voltage.
This appears as a mathematical equation or in an oscillograph in the form of a con-

4 http://wwwex.physik.uni-ulm.de/lehre/PhysikalischeElektronik/Phys_Elektr/node129.html,
http://home.t-online.de/home/u.haehnle/technik/ad-wandlung.htm
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tinuous curve, for single occurrences in impulse form for example, for complex oc-
currences as a frequency image. The converter converts single impulses into rectan-
gular impulses, complex frequency images are dismantled into components (e.g. in
sinus form) and represented after analysis through characterising staircase functions.
Various processes, such as the tracking process, weighing process, sigma-delta proc-
ess and one/two ramps process build up a reference voltage over equidistant voltage
values and reduce this again in tacted impulses, thus creating the aforementioned
staircase functions, from which number values can be read. Practical and amplifica-
tion problems can also occur with these counting techniques, even if precision can be
improved by investing a greater amount of time.

Digital technology converts analogue signals into numbers. The conversion process
itself, however, harbours similar precision losses to the recording of analogue signals.
Once the signals have been digitalised the inexactitude is reduced (without disap-
pearing altogether), as the copying and transferral process is essentially made up of
the repetition of these numbers. Were it possible to store numbers as such directly, the
ideal situation of potential flawlessness would be achieved, as numbers are symbols,
non-physical entities. Unfortunately however, numbers cannot be stored, but only
their physical forms of appearance, that is signals for digital entities. Numbers have a
material form only as signals, and all operations of storing, transferring and copying
are only as precise as the signal technology that lies beneath them – although whole
numbers can be restored within the precision boundaries of correcting codes and re-
turned to their original value. In as far as these corrections function flawlessly, digital
signals can be stored, transferred and copied without loss. However it is not easy to
maintain loss-free transfers for millions or billions of signs.

In the analogue form however, copying would be equivalent to a new recording,
whereby the conversion of a measurement in one measurement interval is undertaken
again, and this is changed again and possibly distorted. So while digital recording
technology has to solve similar problems of precision as analogue technology, digital
storage, unlike the analogue equivalent, does offer the possibility of almost arbitrarily
increasable precision through coding and redundancies. In the case of analogue tech-
nology, precision can only be increased via the material technology, the material of
recording technology and mathematical filter methods (e.g. FFT). Digital technology
increases the reliability – thereby consuming resources however - of storage and
copying by orders of magnitude, physical quality errors and distortions can be almost
arbitrarily compensated by precision increases in the medium itself, which is impossi-
ble with the analogue equivalent. However, a completely flawless coding can never
be achieved, even with digital technology (cf. Coy 2001, Pflüger 2003). Working
purely in digital form is only possible in our heads (and using pencil and paper), in the
symbolic arena, not however with a material computer, where the physical embodi-
ment is paid for by a loss of precision.

3 Typography / Pictures

Number and Script (cf. Krämer 1997, Coy 2001).
Script and numbers are digital media which work with signs, that is symbols. They
have different origins: Roman/Arabic numbers originated in Mesopotamia from cu-



bers. It was only the invention of zero in the century in South China, Indochina or
India which made the representation of digits possible and as a result Kauka-
sian/Arabian algebra (Al Kwarizmi) with a finite number of axioms for arithmetic
operations. Decimal digit notation only requires a finite alphabet, even if a finite
number of digits is not sufficient for numbers of arbitrary length. Figures and num-
bers are independent of languages, without linguistic reference and so they make up a
universal sign system, are universal character set in the sense of Leibniz. It is (only) in
the typographic sense that number representations in digit systems come close to
words made up of letter atoms, through their use of figure atoms.

Roman letters on the other hand originated in the Mesopotamian pictographic sys-
tem of writing, which became simultaneously more abstract and symbolic with sylla-
ble script and finally letter script, until the symbols had become detached from the
pictures and stood for sounds, vowels or consonants. Script therefore originated, in
contrast to the abstract representation of numbers, as a visualisation of spoken lan-
guage: drawings that were used to create pictures of words and ideas were schema-
tised, thereby creating symbols for words, syllables and finally letters.

Unlike pictorial scripts, and unlike numbers originally, as W. Coy (2003) points
out, a finite supply of signs has always been sufficient for the alphabet. Francis Bacon
standardised script alphabets and numerical digit systems through his discovery of the
codeability of letters as 0 and 1. Leibniz took up this point and regarded the divine
nature from then on as binarily construable and calculable, and he devised a decimal
calculating machine for arithmetic operations. C. F. Gauss’s telegraphic experiments
with digital codes led to their electrification. Numbers were therefore readable as
words and words as numbers, and the already imaginable computer did not differenti-
ate between them (on a machine level). Simultaneously in 1936, Konrad Zuse’s first
electric computer based on digital technology was built and Alan Turing’s concept of
a universal machine which could carry out all calculable functions arose. It was only
later (1954) that he saw in it the “paper machine” capable of “intelligent thought” and
developed the Turing Test as proof.

Pictures
While numbers and script, in fact all symbols, are clearly syntactically and semanti-
cally definable, this is not true of visiotypes (Pörksen 1997) (pictures, tables, curves,
visualisations). The question of what a picture actually is, apart from a meaningful
flat, is more difficult than at first assumed, and there is no simple, widely accepted
definition. The most widespread opinion – both in everyday life and in traditional
philosophical picture theories – assumes that the specific element of a picture is based
on either the similarity of picture and pictured object or the involvement of real ob-
jects in the creation of the picture. These similarity and causal theories, however,
offer no satisfactory explanation of pictorial representation. Similarity and causal
theories have grave deficits (Steinbrenner 1997). Although the similarity thesis is
usually formulated correspondingly, it is certainly wrong to assume that the pictured
object, e.g. a person, bears similarities to the picture, e.g. a photograph, as such. A
photograph is more similar to every other photograph than to the person photo-
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neiform script differentiated by counted objects. They were later detached from the
context and became abstract objects. The Babylonians and even the Romans still
needed new symbols, a potentially infinite supply of signs to represent natural num-
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graphed. It is therefore not the objects themselves that are compared to one another,
but the pictured object is similar to the object represented in the picture. But that is
just an alteration of the difficulty: “Against this form of similarity theory, which as-
sumes that the bundles of light rays broken in perspective which are caused in the eye
by the picture, respectively the pictured object, are the same or extremely similar,
speaks the practice of observing image and reality. We look at neither images nor the
objects with a fixed eye” (ibid., p. 21). Causal theories of picture analysis see the
reproduction relationship as explained through a cause and effect relation, i.e. the
object represented in the picture is – according to this understanding – caused in a
significant way by the real object. The picture must therefore be understood as a di-
rect effect of the real object and – seen in reverse – the object is seen as a (partly)
causal factor in the creation of the picture. Yet even the causal theory cannot serve as
a model for defining the nature of pictures, as a causal relation can only exist between
objects existing in the same time and space. This condition is not fulfilled on the part
of the copy, especially the computer picture. Furthermore, not every effect of a causal
relationship is necessarily a copy. The type of cause and effect relation between ob-
ject and picture would have to be exactly defined for the type of copy – which is im-
possible, or only possible in hindsight and therefore not generally practicable.

Flusser (1983, 1992, 1995), who is primarily concerned with hypotheses for re-
forming our thinking through the computer and information technology, describes
pictures as “significant surfaces” which mediate between the world and the human
being. The world is not directly accessible for the human being – pictures serve the
purpose of making the world imaginable for us. The significance of pictures lies on
the surface and can be understood in just one look. The attempt to “deepen” the sig-
nificance of a picture while looking at it does not involve either the person looking or
the (temporary, i.e. recalled little by little) structure of the picture. When the eye wan-
ders across the picture (Flusser calls this optical inspection “scanning”) to deepen its
meaning, the interpretation of the picture achieved is made up of the picture structure
and the intention of the observer. Pictures are not – as for example numbers -
denotative symbol complexes, but connotative ones, i.e. they offer scope for interpre-
tation. While the eye wanders across the picture’s surface it registers one element of
the picture after another and produces meaningful relationships between these ele-
ments. In the thus created meaning complex, the elements grant one another mutual
meaning. The “deepened”, “read” meaning of a picture is structured in space and
time, but differently to the meaning of linear texts.

Contemplation versus Symbolic Formalisation
In the history of the sciences, contemplation had an epistemic character up until
Renaissance times. The analogy between the natural and the simulating relied on
contemplation. The term “contemplation” can mean both the act of cognition (visual
perception) and the object of contemplation (the picture). Contemplation can be asso-
ciated with clarity, with visual perception or with Kant’s concept of “pure” contem-
plation. Various scientific disciplines, such as phenomenology, developmental psy-
chology and the cognitive sciences, analyse the “forms of contemplation” and thus
also whether they can be formalised.

Bettina Heintz (1995) uses the term contemplation in connection with the “pictorial
turn” in the sciences as the aspect of visualisation or the visual representation,
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whether this takes place in the head, on paper or on a monitor. The opposite term is
“formalisation” or “syntactic” representation, i.e. representation exclusively on the
basis of mathematical symbols and/or signs. In an epistemological respect, contem-
plation can take on a cognition-leading, i.e. heuristic, or a cognition-substantiating
function. The formalisation in and through mathematics has increasingly suppressed
contemplation as a method of substantiating cognition. It was David Hilbert who
initiated the radical formalisation programme of mathematics, with his abstract under-
standing of mathematics in which mathematical subjects and their relationships to one
another are defined purely immanently, via the axioms, and no longer relate to the
world beyond mathematics. His understanding of axiomatisation means that it no
longer has any real world or evident character, and its formalisation takes place in the
formal language ZFC, as signs or chains of signs. It is this sign level on which for-
malistic mathematics operates and which has banned contemplation from mathemat-
ics. In the place of a concept of truth based on content, which would be defined by
correspondence theory (Tarski semantics), a purely formal concept of truth has arisen.
The process of operating with these signs, their combination and transformation, is
purely mechanical in principle. From this point, it is not far to Turing’s analysis of the
concept of algorithm5 as a purely mechanical deterministic process which can be
made up of a few basic operations. The constructive aspect is the precise definition of
the concept of algorithms in the Turing machine, which, like other formalisations of
the calculable functions, forms the theoretical basis of the computer.

4 Signs and Symbols

Charles S. Peirce attempted to formulate a general definition of the elements of signs
and their functions in his semiotic theory. According to this theory, a sign is described
as a relationship with three components, the means of description (signifier), the ob-
ject described (signified) and the interpretation of this description (by an interpretant).

The best examples of such signs are words, as descriptions for objects, interpreted
by humans in a hermeneutic manner, or natural numbers as (abstract) objects, e.g.
represented in decimal notation as signifiers, classifiable quantity descriptions when
interpreted as counted quantities. An alternative interpretation for the same object
class would be the mathematical interpretation through the representation of the se-
mantics of natural numbers in Peano axioms.

Peirce 1894, however, differentiates between 3 types of signs, the first two of them in
only two-component relations:
“There are three kinds of signs. Firstly, there are likenesses, or icons; which serve to
convey ideas of the things they represent simply by imitating them. Secondly, there
are indications, or indices; which show something about things, on account of their
being physically connected with them. Such is a guidepost, which points down the
road to be taken, or a relative pronoun, which is placed just after the name of the thing

5 Alan Turing: “On computable numbers. With an application to the Entscheidungsproblem”
(1936)
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intended to be denoted, or a vocative exclamation, as “Hi! there,” which acts upon the
nerves of the person addressed and forces his attention. Thirdly, there are symbols, or
general signs, which have become associated with their meanings by usage. Such are
most words, and phrases, and speeches, and books, and libraries.”6

The computer is able to process signals and data interpreted by humans as signs,
language, images, etc.. F. Nake therefore emphasises that both aspects of the com-
puter, that of a transformation instrument and that of the use as a medium of repre-
sentation and communication, stress the sign character. He refers to the computer as a
semiotic machine and to computer science as technical semiotics, with two interpre-
tants, the human and the machine, whereby the latter behaves as a determination.

It should be pointed out that the conception of the computer as a semiotic machine
is misleading, as Peirce’s semiotics reflects the social dimension of the sign process
through their pragmatic perspective, but computers are excluded from the semiotically
mediated interplay of sociality and self-awareness by their constitutional solipsism. A
decisive factor for understanding computers (and machines in general) is the index as
a “degenerate”, that is a merely two-sided sign relationship, without interpretants.
Peirce differentiates, with regard to the object side of signs, between the ‘degenerate’
sign icon (similarity relationship with the signified object) and index, (causal relation-
ship with the object signified), and the actual interpretable symbol to be interpreted
(conventional relationship to the signified object). In as far as a computer causally
processes signals interpretable as data, we would describe it rather as an indexical
machine (if this were not a pleonasm). “An index is a sign which would, at once, lose
the character which makes it a sign if its object were removed, but would not lose that
character if there were no interpretant. Such, for instance, is a piece of mould with a
bullet-hole in it as sign of a shot; for without the shot there would have been no hole;
but there is a hole there, whether anybody has the sense to attribute it to a shot or not”
(‘Dictionary of Philosophy & Psychology’ vol. 2, CP 2.304, 1902).

Threfore the interpretation of the causal connection between input and output of a
computer is again up to a human interpreter. The computer does not work with mod-
els or pictures, nor with signs, but with signals without symbolic value; we humans
only interpret these as signs, for numbers for example. The ability to calculate is
based in turn on a physical constancy, causality, in the chip or transistor, equivalent to
the basis of degenerate sign relationships. If we take a further step towards pragma-
tism (here for example image processing), in view of which Peirce’s semiotics was
designed after all, the question of the meaning of computer pragmatism arises; that is
the question: can computers act (without basic sign processes, such as representation
of the target as a target etc.)? It is possible to implement (consciousness-analogue)
representation processes in machines, as machines can compare sections of the envi-
ronment, that is external factors, with internal structures one can understand as repre-
sentations, through specific feedback effects, and then intervene in the environment or
modify the representation according to certain defined targets. However the defined
target itself is an external guideline – out of a lack of self-awareness which would
enable the target to be represented as an (own) target. The problem in regarding com-

6 Here we can recognise the similarity and causal relationship used to define the concept of the
picture.
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puter science as “technical semiotics” appears to be that we can only understand the
constitution of self-awareness (nowadays on both a philosophical and a neuropsy-
chological basis) in close connection with sociality. Peirce’s semiotics reflects the
social dimension of the sign processes.

It therefore makes sense to differentiate between various levels and possibilities in
the description of the computing method:
1.

2.

3.

4.

on the physical, material level, the computer is only able to store, copy, transform
and transport signals, Peirce’s indices. These are not interpretable by humans.
However they can – with precision losses – be converted into discrete numbers,
symbols, whose material representations can only be other signals, but do appear
as signs on an output medium.
Signs, symbols, numbers and letters are, however, the media with which humans
actively operate, programme and write on a computer. They may therefore inter-
pret the computer as a sign-processing machine, although there is nothing it does
less than this. Formalisation is after all the essential method of computer science
for processing and symbolising real-world phenomena so that they become ac-
cessible to algorithmic treatment, i.e. can be supplied to the computer-typical sig-
nal transformation processes. For this reason, the computer science method (the
method used by humans, not that used by machines: the latter is signal transport
and signal transformation) is usually described as symbol processing: software is
symbolic code, the connection of software and hardware overcomes the jump
from sign to analogue signal from the human interpretation via discrete-analogue
representation on E/A media, which has to overcome a similar jump to hardware
representation.
An intermediate level is often introduced between interpretable symbols and
signals, that of data, which concerns number values, removed from the material
level (for example grey tones, or integrated values on the receptors of a tomogra-
phy drum), which however can only be interpreted as purely numerical values,
while the actual inherent information to be interpreted is only accessible after
further processing or through integral consideration.
Formalisation and symbolic representation do not, however, describe computer
science methods exclusively: a) the so-called “pictorial turn” from text to picture,
which with increasing memory space also provokes paradigm changes within
computer science, cannot be described as symbol processing, b) for the para-
digms imported from biology and physics (artificial neuronal networks, gene or
DNA computing, quantum computing), sign processes are no longer constitutive
(even when DNA strings pair up due to “letter matches”). Connectionistic sys-
tems for example represent objects as total system states in the best case, the
states of individual nodes and edge values cannot, similarly to pixel values, be
sensibly interpreted other than as meaningless signal values. Meanings for hu-
mans then appear as holistic appearances (pictures) or outputs which are more
complicated to interpret, for which constructed aids must be made available.

Peirce’s concept of signs is also applicable to (always discretely constructed) com-
puter pictures, however it delivers no means to differentiate between image and text.
The individual signs, pixels and voxels, of which a computer picture is constructed,
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are degenerated in the sense that they cannot be sensibly interpreted individually other
than as grey value, and so only actually stand for the object “data item in pixel form”
itself. Yet within the total interplay of spatially structured data, grey values for exam-
ple, they do constitute meanings that can be interpreted by humans. In this context,
connotative aspects of space and time, such as the relationship of meaning between
pixels/voxels and the total picture, appear more important (Flusser 1992).

We can therefore observe that the epistemological linking of the computer and
semiotics (computer science as technical semiotics, computers as semiotic machines)
produces several problems, loses all precision in the transition to some hybrid com-
puter sciences such as bio-computing, and becomes irrelevant in connection with the
increasing usage of the computer as a picture-generating medium.

“Arbitrary Complexity” of the Discrete7

The discreteness of the software medium causes various new complexity phenom-
ena, which lie partly in the medium itself and partly in the interaction between hu-
mans and computer systems. The first class of phenomena is caused by the fact that
discrete functions lack that pleasant characteristic of the continuous of being “ro-
bust”, i.e. that small changes in input values can cause large changes in output val-
ues, huge uncontrolled leaps all the way to a crash. Incorrect programmes, and all
“real” programmes are not correct, can therefore become chaotic. Incompleteness of
specifications also causes unpredictable effects of software. Similarly chaotic be-
haviour is caused by the non-linearity of relationships between individual modules
(i.e. the uncontrollability of side-effects on interface variables) and between pro-
gram, environment and hardware parts. These are in principle characteristics of the
medium, not risk potentials which could be controlled and protected against by any
verification methods and test-runs, however good they were – if in fact any existed.
Risk management of software and embedded systems must tackle this phenomenon
in a different way than by attempting to verify the entire software. Localising the
risky terminals and verifying such parts is one of the possibilities most closely lo-
cated within the methods of computer science; most, however, are in the material
areas of software embedding and/or organisation.

The second group of complexity phenomena mentioned result from the problems
of divergence between human perception, which runs in analogue structures, and
the abstractness, discreteness and the aforementioned non-robust nature of com-
puting processes and functions. Correspondingly, programmed machines do not
behave as humans expect them to. This makes it more difficult for humans to un-
derstand, that is to imagine the results ex ante, to assess the correctness of results, to
assess their effects and possibilities. The consequences include the possibility of
faulty operation or incorrect reactions to risky situations, whereby the problems of
the initially mentioned complexity phenomena are doubled.

7 Richard Brooks, Schinzel 1998
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5 Epistemic Change from Text to Picture

Pictures and symbols have been cognitive carriers since the beginning of our culture.
The textual science which evolved at the beginning of the modern age at first strug-
gled against the picture-focussed ideologies before it. However this relationship be-
tween texts and pictures is a dialectical relationship, according to Flusser (1989): To
the same extent as science fought the ideologies, that is attempted to explain them
(away), it took on their ideas and became ideological in itself. The reason is that
“texts admittedly explain pictures in order to explain them away, but pictures also
illustrate texts in order to make them comprehensible” (p. 11). In this way, conceptual
and imaginative thinking strengthen one other. The pictures become ever more con-
ceptual and the texts ever more imaginative. “At present the highest conceptualism is
to be found in conceptual pictures (for example in computer pictures), the greatest
imagination is to be found in the scientific text” (ibid).
The science of today relies more than ever on the assumption that the logic of the
world is linguistically, symbolically and mathematically comprehensible, rationally
reconstructable (Wittgenstein). Yet it must tackle the growing particularisation, dif-
ferentiation and complexity of its findings. Pictorial means of understanding can
make abstract, complex subjects easier to understand or often understandable at all,
even if this demands a loss of precision. One kind of measurement which cannot be
cognitively grasped in any other way than through visual images is data which is
gained in medicine through techniques such as CT, MRI, fMRI, PET, SPECT, MEG,
etc.. Computer science reverses its own development: the expulsion of contemplation
from mathematics through formalisation (as an opposing concept to contemplation),
to which computer science owes its creation, has in reverse brought pictorial repre-
sentation back into science, through its own acceleration and increase in complexity.
The visualisation of dynamics and complexity is necessary to adapt to human cogni-
tive abilities. This rediscovery of the visual dimension shows, according to Heintz
(1995), the reversal of the process of formalisation. The current re-visualisation of
scientific and medical-technical (and also mathematical) findings has its cause in the
cognitively incomprehensible complexity of the data sets produced, which need to be
returned to the realms of contemplation. These visualisation tendencies do not, how-
ever, necessarily mean a return of the contemplation of natural subjects, but a visual
perception of virtual subjects, of complicatedly constructed artefacts, whose corre-
spondence with the given, for example in the case of MRI and fMRI, is now only
based on plausibility considerations and (in the given case) not on empirical evidence
(Hennig 2001). Since computed tomography, the various procedures for viewing the
inside of the body are no longer copying processes but picture-generating processes.
That is they are not the products of electromagnetic rays on electrochemically treated
surfaces as in X-ray photography8, but of long, complexly calculated constructions
and their visualisations. The new processes have led to unimagined diagnosis and
research possibilities, also of a derived nature. They have hugely increased the poten-
tial of data sets, in particular complicated picture data sets, and also promoted the

8 X-rays, which penetrate tissue and project absorption patterns, pose the problem that various
area structures overlap on the 2-dimensional picture or are hidden under dense bones (white),
making individual structures difficult to make out.
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calculation and storage of derived data, enabled the deriving of further integrated data
sets through the integration of further derived data, thereby opening up new fields of
research in turn, etc. – an infinitely extendible process.

The invasion into the human body is accompanied by various problem complexes.
The picture-generating processes work with huge amounts of data and carry out
highly complex transformation algorithms for segmenting, smoothing, cleaning, etc.,
which can also misinterpret the material.
The increasing distance of the picture from the pictured object, i.e. the abstract char-
acter of such pictures produced via complicated processes, increases with every ab-
straction step, every derivation step and every integration step the susceptibility to
mistakes, i.e. the possibility of picture artefacts which have no physiological equiva-
lents. In paradoxical reversal of these facts, the representations and further picture-
generating processes, such as cartographies of the body, which are not based on re-
production but on processing, interpreting and subsequent production, suggest an
objective view of the body, and thereby standardisation. Therefore elements will al-
ways be involved which are not constitutive for the “living original”, and the more
complex and derived, the more such elements are involved. Which constructs are
involved depends not only on channelling “technical” factors, but also on cultural,
contingent factors, beginning with the usage and selection of technical means, in this
case image-processing methods and visualisation techniques. The fact that they re-
duce complexity intensifies the danger of inadequate standardisation (Schmitz 2001)
and that of inadequate representation prompting false ideas through pictorial artefacts
(Schinzel 2002).

The aforementioned increase in pictorial as opposed to textual representation is an
important element of epistemic changes in the sciences, made possible by information
technology, but also within computer science itself. It is therefore necessary to take
these paradigm changes into account when processing complex data. At first, as ex-
plained above, there is no difference on the level of material representation; we are
dealing with analogue signals in every case. However one means of differentiating
can be for example the place where meaning appears for humans, on the level of ato-
mistic signs or on a holistic level. As a further consequence of the gradual replace-
ment of the Neumann computer by parallel and evolutionary hardware systems,
changes from linearity to multi-dimensional parallel or holistic processing of signals
and data are occurring. The importance of algorithms is thereby reduced in favour of
simulating and evolutive processing methods, for which empirical observation is
gaining importance over verification, and thereby open construction with respect to
outcome and meaning.

There is a strong interest in visual representation within the sciences which is ex-
pressed simultaneously with a need to defend or even save our language from visual
elements. As a replacement of Rorty’s “linguistic turn”9, Mitchell also sees in the

9 The history of philosophy can be seen as a series of paradigms of thinking. Richard Rorty
introduced the term of “turns” and called the most recent of these changes in the history of
philosophy the “linguistic turn”. Put briefly, since the “linguistic turn” philosophy and hu-
manities have assumed that society, as well as nature and its representations, are texts or dis-
courses.
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“pictorial turn” a reclamation of holistic means in rejection of semiotics. Just as lan-
guage formerly did, the picture functions as a kind of model or figure for other things
(and as an unsolved problem, because we still do not know what a picture is and what
relation it has to language, nor what effect pictures have on observers and the world).

“Whatever the pictorial turn (...) is, it should be clear that it is not a return to naive
mimesis, copy or correspondence theories of representation, or a renewed metaphys-
ics of pictorial “presence”: it is rather a postlinguistic, postsemiotic rediscovery of the
picture as a complex interplay between visuality, apparatus, institutions, discourse,
bodies, and figurality. It is the realisation that spectatorship (the look, the gaze, the
glance, the practices of observation, surveillance, and visual pleasure) may be as deep
a problem as various forms of reading (decipherment, decoding, interpretation, etc.)
and that visual experience or “visual literacy” might not be fully explicable on the
model of textuality. Decisively, however, the pictorial turn is the realisation that,
although the problem of pictorial representation has always existed, it now puts us
under unavoidable pressure with unprecedented strength, and on all levels of culture,
from the most refined philosophical speculations to the most vulgar products of the
mass media” (Mitchell 1997, p. 18f.).

Digital Pictures versus “Analogue ” Pictures
The difference between old pictures, such as paintings, and new pictures such as tele-
vision or computer pictures, seems to be the guiding intention in the production of the
pictures. Conventional pictures were produced with the intention of making a circum-
stance visible. The new pictures, according to Flusser, are intended to make dots
floating in nothing visible, whereby they however pretend to mean a circumstance.
The essential element of all new, technical pictures is the dot structure on which they
are based, their quantum mosaic character. In this sense they are immaterial. Their
intention is to create an illusion.

“The new pictures (...) attempt to deceive the observer, in two ways. Firstly, they
hide the fact that they are computations of dots and pretend to have the same meaning
as conventional pictures; and secondly, they apparently admit to their origin on a
higher level of deception, but only in order to present themselves as ‘better’ pictures,
by pretending not to signify a circumstance symbolically, as conventional pictures do,
but ‘objectively’, dot for dot.” . . .“but the technical pictures do signify those clear and
distinct concepts which are equivalent to the dots of which they are constructed. The
technical pictures ‘point a finger’ at the program in the machine that created them,
and not at the world out there. They are images of concepts, surfaces devoted to cal-
culating thinking and not the concrete world. They are abstracted surfaces lifted out of
abstraction in the direction of the concrete. The gesture creating them runs in a direc-
tion opposite to traditional pictures. In this sense, the technical pictures are anti-
pictures” (Flusser 1995 p. 48f., 50).

Following Flusser, technical pictures therefore do not signify the concrete world
surrounding us or parts of it, but are related to a conceptual universe. They are exact
and “true” pictures – only they are true to their programs, not their apparently pictured
object. They only signify this object in as far as the concepts involved in the program
signify this object, and these concepts are already a very extensive abstraction from
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the concrete object. The uncanny thing about the effect of synthetic pictures is that –
although the path of their creation leads across the last, dimensionless abstraction,
conceptual registration, put into the form of a digital code – the picture, the model,
that represents a projection from this abstraction can then be experienced in a concrete
manner. These pictures refer to concrete things or phenomena only by way of the
diversion via concepts which programme them. They are therefore not abstract pic-
tures but the attempt at a concretisation of abstractions.

“The technical picture is a picture created by machines. As machines on their part
are products of applied scientific texts, technical pictures are the indirect results of
scientific texts”, according to Flusser (1983). “This gives them, historically and on-
tologically, a different standing to traditional pictures. (...) Ontologically, traditional
pictures signify phenomena, while technical pictures signify concepts” (p. 13).

The code in which the computer works, “thinks”, is structurally very simple and
functionally extremely complex. These codes allow a new, no longer linguistic form
of thinking and will replace the alphabet as carrier of thinking in the foreseeable fu-
ture. The code of the computer at first appears – due to its simple structure – to be
equivalent to a reduced, purely calculatory style of thinking. Yet it was found that the
new codes allowed computers to compute lines, surfaces, spaces and moving bodies.
In this way it is possible to synthesise unexperienced objects and thereby make them
experienceable. The complexity and the power of the new form of thinking lies in this
designing capability.

“The (...) characteristic of the computer to be emphasised in this context is the fact
that it allows not only numbers to be computed, but also these numbers to be synthe-
sised into forms. That is a shocking invention or discovery, if we consider that calcu-
latory thinking has penetrated deeply into the phenomena and that the latter are disin-
tegrating into particles due to this advance. The world has thereby taken on the struc-
ture of the number universe, which poses confusing cognitive problems, if computers
show that calculatory thinking can not only disintegrate the world into particles (ana-
lyse), but also put it back together again (synthesise)” (Flusser 1995, p. 280).

Technical pictures are difficult to decode. They give the impression – although this
is misleading – that they do not need to be decoded at all. Their meaning seems to be
automatic and therefore obvious: an automatic copy similar to a finger print, for
which the meaning (finger) is the cause and the picture (print) is the result. The signi-
fied world of technical pictures appears to be the cause of technical pictures; both
appear to be on the same level of reality. Technical pictures appear to be not a symbol
but a symptom of the world. Technical pictures are seen - due to their perceived non-
symbolic, objective character – less as pictures than as windows to the world. This
leads to a lack of criticism of technical pictures, which becomes dangerous when they
are in the process of replacing texts. Technical pictures are dangerous because their
objectivity is an illusion (Flusser 1983).

Once Again: Computer Science = Technical Semiotics?
Exploration, representation and integration of large complex data sets make use of
simulation and visualisation alongside distributed databases (Keim 2002). To remain
in the context of the neuro-sciences and life-sciences, examples could be scattered
data, statistical data from image analyses, parameterised data from simulations, or
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volume data records. This data does have formative power, but carries no meaning. In
the case of a voxel with parameter values or scattered data from MRI measurements,
these are not symbolic representations; they stand for no other meanings than them-
selves. Nor can current neuron values or propagated edge values in neuronal networks
be judged as meaningful signs (for humans); the analogy to signals or impulses is
more obvious in this case. It is also disputable whether the base pairs of gene se-
quences in DNA computing transport semantics interpretable by humans, other than
the formative meaning of the biological starting material which they carry with them.
My thesis is that image-processing hardware, evolutionary computers and protein
chips are less semiotic machines than pattern-arranging machines; the symbolic as-
pect of their input/output and inner structure processing takes a back seat to signal
transmission or molecule manipulation for example. Their operations only become
meaningful and form-giving in concert with their holistic total effect.

Formalisation and thereby logic lose significance in contexts where pattern and pic-
tures represent the input and output. In the same way, the relevance of algorithms as a
problem-solving method decreases and if they are needed at all, then it is either as an
initialisation or a processing method. They then have fewer explicit characteristics
than in symbol processing. Then, the propagation of local operations and characteris-
tics onto the global situation for example is important, characteristics can often only
be proved empirically and verification is hardly possible at all10. In DNA, protein and
quantum computing, as in many forms of connectionism, programming is reduced to
initialisation, i.e. to a declarative aspect, while the (usually no longer uniform in the
sense of calculability theory) computer itself takes charge of the process. In image
processing, the relevance of algorithms lies between local explication and global
effects, which are usually observed as physical systems and thereby construct a stub-
born anti-reality. As a problem-solving method however, algorithms are on an ana-
logue path with distributed and internet algorithms, etc. It is therefore necessary to
describe the epistemological basis of computer science in a more differentiated man-
ner than by ascribing it the quality of technical semiotics, and to differentiate the sign
processes occurring according to human and technical levels of interpretation. Picture
generation and interpretation are just as useful means of cognition for this task as the
analysis of non-classical algorithms, computer structures and materials.

10 Of course, these observations are far from new. Since the beginning of computer technology,
images have been processed and neuronal models have been used (e.g. Perzeptron in the
1940s), and self-reproducing machines have been modelled. For example, the significance of
evolutionary computer models in the context of differentiating between symbolic and sub-
symbolic AI (and also the adequacy of models for cognition) has long been extensively dis-
cussed (cf. e.g. Becker, 1992). Nevertheless, these epistemes have gained practical signifi-
cance and with the convergence of biology and computer science also a new level of rele-
vance, which has an effect on the scientific paradigms of computing.
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Abstract. A solid foundation is a prerequisite for a scientific discipline
to provide a modelling framework for the representation purposes in
other areas. In this paper we discuss the suitabiliy of logic for this kind
of application and investigate the necessary steps for the concept of ‘in-
formation’ to provide a comparably justified foundation for the modelling
of ‘real world’ phenomena. This provides an analysis of the conceptual
prerequisites that are required for a well-founded theory of information.

1 Introduction

Scientific development in its most general aspects is characterized by separating
a discipline from a more general one be it by the evolvement of new perspectives
on a field or topic, by new paradigmatic methodologies to analyze phenomena,
or evolvements of other kinds that are able to through a new light on previously
accepted perspectives, ontologies, or methodologies or isolate aspects for which
special treatment is enabled, promised, or envisaged. In this sense most scientific
disciplines have separated some time from philosophy which once constituted the
unifying approach to understand (parts of) the universe. This process necessarily
raises new concepts determining the evolving field or at least initiates a modified
understanding of the central ones. An indispensable demand in this process is
to provide a clear and solid foundation of the core concepts of the new field.
This was especially in full methodological strength the challenge in logic in the
19th century which led to the problem of self-assurance of logic as a scientific
discipline of its own right based on new insights.1

In general, a solid foundation is a prerequisite for a scientific discipline to
provide a modeling framework for the representation purposes in other areas.
In this paper we discuss the suitabiliy of logic for this kind of application and
investigate the necessary steps that have to be undertaken for the fundamental
concept of ‘information’ to provide a comparably justified foundation for the
modeling of ‘real world’ phenomena.
1
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An interesting side-aspect of this problem demonstrates that bibliographies may
play a major role in such situations. One motivation for the compilation of the
bibliography of symbolic logic by Alonzo Church [24] was certainly to constitute
and determine the field of logic as a scientific discipline in an extensional sense thus
complementing the discipline-immanent ideas.
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1.1 From Philosophy to Logic

Whereas Kant still considered logic as being finally completed and fully char-
acterized by Aristotle’s theory of syllogisms (see [47, B VIII]), there have been
tendencies in the nineteenth century to provide more solid grounds than philo-
sophical considerations on ‘obvious and plausible insight’ into the nature of con-
cept, proposition and consequence. In performing its ‘mathematical turn’ logic
has finally separated from philosophy: a mathematization of logic should guar-
antee the wanted justification instead of legitimations based on plausibel and
intelligible arguments. In this spirit the early works of Boole [14], and Schröder
[84] — just to mentioned two of the most prominent ones — aimed at a construc-
tion of logic as a mathematical (sub-)theory in the spirit of current mathematics.
Although Peirce was most influential not only on Schröder’s later works (cf.,e.g.,
[73]), it was the pioneering work of Frege’s Begriffsschrift [36] in 1879 that re-
adjusted the overall direction of logical research. Instead of introducing logic as
a mathematical theory among others, Frege attempted to constitute logic as a
theory of truth and proof. It should last up to the thirties in the twenties century
that a foundation of the concept of ‘truth’ has been presented by Tarski [88] and
a clarification of the reach of the concept of ‘proof’ within this framework has
been provided by Gödel [39]. Truth has not been invented by Tarski, though,
and there is a long tradition of actual usage of this concept even in mathe-
matics. To identify the necessary reductions of the conceptualization compared
to an everyday understanding and to bring it into a shape suitable for formal
(or mathematical) treatment is an absolutely outstanding achievement that can
hardly be overestimated.

Concerning its suitability for modeling purposes one has to concede that
logic has provided a clear foundation for mathematics. Thus logic has success-
fully provided the means for the representation requirements of mathematics.
It well answers question and provides means for gaining insight into the struc-
tural properties of mathematical models. This works perfectly well. So naturally
the question arises why it works so well for mathematics but has not proven to
provide valuable instruments to model real world problems as well. One quick
answer is given by the fact that it relies on static principles: mathematical truth
has always been considered as being necessarily true, i.e. in the aristotelean sense
true at all times. In systems which an inherently dynamic character, however,
the purely logical approach has not proven to be comparatively successful. Most
real world problems belong to this category.

There have been attempts to apply the logical methodology to this kind of
problems as well. Some approaches in the philosophy of science. e.g., focus on
axiomatizable theories (cf., e.g., [87] or [69]). But this line of scientific investi-
gations have not resulted in a widely accepted re-adjustment of research aims
and methodologies. Another reaction is fuzzy logic introduced by Zadeh [94]. It
has led to successful applications especially in control theory but has also not
proven to provide a general methodology for the modeling of ‘real world’ phe-
nomena. The pure logic-based approach seems too restricted for such purposes
and computer science has essentially taken over this kind of challenge.
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1.2 From Logic to Computer Science

Along with the scientific and technical development in the middle of the last
century computer science has evolved which complemented theoretical mathe-
matical considerations going back (at least) as early as to Leibniz with essential
contributions of Dedekind 1888 [25] (who proved that — what is now called —
the scheme of primitive recursion does define a unique function), Kleene, Gödel,
Church, and especially Alan Turing [91] by technological progress under specific
influence of von Neumann.

Its scope has been broadend since then dramatically and the subsequent de-
velopment has brought computer science into a major position for providing
modelling tools to capture ‘real world’ phenomena. The most noticable conse-
quence, however, that has influenced society dramatically is centered around
information technology. There are discussions of the chances of getting informed
in ways nobody had dreamed of some few decades ago and critical voices are
mentioning the danger of information overload which leads to an increasing de-
mand for specifically focussed information.

Whereas a clear foundation of the mathematical parts of computer science
via ‘truth’ and ‘proof’ are implicitly provided by the logical roots of mathematics
as a result of the ‘Grundlagenkrise’ in the 19th century, a comparable foundation
of the basic concept of ‘information’ for computer and information science has
not been shown so far.

An immediate approach to model ‘information’ on the basis of the (unre-
stricted) logical framework leads to undesirable results. A counter-argument
against an attempt to rely on the full power of logic is especially provided by Hin-
tikka’s concept of omniscience (see [41]) where knowers or believers are logically
omniscient if they know or believe all of the consequences of their knowledge or
beliefs. Accordingly, knowing the axioms of (some extension of) ZF-set theory,
e.g., should entail knowing of all consequences thereof including knowledge of
inconsistencies.

Compared to logic we are thus currently rather in a ‘pre-Tarskian’ stage
of development for the concept of information. As we have noted beforehand
also the concept of ‘truth’ has be subject to reductions of the full scope of its
understanding. In the following we will investigate perspectives for conceptual-
izations of ‘information’ that could pave the ground for a theory of information
on which extended instruments for structural modelling purposes of ‘real world’
phenomena could finally be based on in a most justified way.

2 The Context of the Concept of Information

Even a short preoccupation with possible meanings of the term ‘information’ will
immediately bring to light that very different and wide-spread understandings
of the concept of information have evolved. “There is no accepted science of
information” so the opening remark in the preface of the monography of Barwise
and Seligman [7] — not to speak of a broadly accepted theory of information.
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Hence the indispensable first step towards a theory of information is to clarify
the concept of information in its different shades. Accordingly, we start with a
survey of conceptualizations of ‘information’, exhibit essential aspects of and
finally systematize insights into the nature of information that have shown in
the literature. This is, however, not meant as a comprehensive study of the
concept of information in the different contexts; such an attempt would certainly
deserve a more detailed analysis.2 Instead, we trace understandings and usages
of the terms with to aim to determine those constitutive properties that have
to be taken into consideration for a prospective theory of information which has
certainly to be developped in conformity with the (underlying principles of the)
common usage of the concept as discussed in the relevant communities.

In this sense this chapter is intended as a guide providing orientation in the
landscape of conceptualizations of ‘information’, putting landmarks, and identi-
fying points of view. A coherent interpretation of all these so far isolated consid-
erations according to a philosophical background theory is the very prerequisite
for a subsequent well-founded characterization of the concept of information.

To begin with we have to acknowledge that a conceptualization is always part
of a view of the ‘world’. As such, it cannot be understood without the context in
which it is developped and to which it contributes. Accordingly, this section also
exhibits key-concepts that are closely related to ‘information’ and thus must be
included into a theory of information as well.

2.1 Concepts Necessarily Associated with Information

To begin with we record that the concept of ‘information’ is closely tied to the
concepts of ‘knowledge’ and ‘data’. This seems to be a shared understanding in
all contexts dealing with conceptualizations of ‘information’ which is reflected
in practically all publications on the topic. The concept of information being
tied to data is apparent already in the early publications that focus on the rela-
tion between computer science and society, their mutual influences and general
perspectives. An early definition which sounds typical for the understanding of
the relation is, e.g., given in 1973 where Sanders [81, p. 6] already refers to a
allegedly general understanding when summarizing:

information is generally considered to designate data arranged in ordered
and useful form. Thus, information will usually be thought of as relevant
knowledge, produced as output of processing operations, and acquired
to provide insight in order to (1) achieve specific purposes or (2) enhance
understanding.

In this definition information is understood as the result of a transformation
process that relies on general understanding of terms like useful, purpose, and
understanding, etc.. Interestingly enough, information is then further described
2 For a more detailed exposition of the concept of information in the context of in-

formation and library sciences and information retrieval the gentle reader may, e.g.,
consult [44].
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as the result of a process that “reduces uncertainty” [81, p. 6]. This additional
remark hints at the first line of understandings of ‘information’ which has been
worked out by Shannon and others (see below) and must be considered as an
attempt to turn the definition into a formally treatable form — at the cost of
some overly simplified conceptual reduction as we will see in the following.

The connexion between ‘information’ and ‘data’ then remains generally ac-
knowledged up to now. Evidence for this is given by the fact that a clarification
of these concepts along with their relationships is especially demanded by the
joint ACT and IEEE Computing curricula 2001 Computer Science [1] where

compare and contrast information with data and knowledge

is explicitly noted as a learning objective in IT courses [1, p. 134]. Precise defi-
nitions of the concepts, however, are not given in the curricula as it is intended
to constitute a list of indispensable topics to be covered by respective courses.
So this remark will provide us with the guideline to the central concepts that
must be clarified for a formal theory of information as well. But beforehand we
look for some more candidates that might also be intimately connected with the
concept of ‘information’.

It is not generally agreed, though, that ‘data’, ‘knowledge’, and ‘information’
constitute an exhausted list of the fundamental concepts that are necessarily tied
to each other. There are mainly two suggested extensions of this enumeration:
wisdom and practice.

Practice. To fill the framework of the ACT and IEEE Computing curricula 2001
Computer Science Denning [27] tries to define the concepts ‘data’, ‘knowledge’,
and ‘information’ from the viewpoint of curricula for information technology
education for IT professionals.

“Information” is the judgement [ . . . ] that given data resolve ques-
tions. In other words, information is the meaning someone assigns to
data. Information thus exists in the eyes of the beholder. [27, p. 20]

In the course of his exposition Denning explicitly extends the triade of ‘data’,
‘knowledge’, and ‘information’ by a fourth dimension named ‘practice’ denoting
‘embodied knowledge’: this describes patterns of action that effectively accom-
plish certain objectives with little or no thought [27, p. 20]. It should be noted
that this fourth dimension seems not to be of comparable epistemic status but
instead captures some abilities of the human mind to disburden attention from
well-established actions (see [38, cf. esp. volume 3.1, p. 35]).

Wisdom. Another suggestion for a concept that should be related to infor-
mation originates to Ackoff. In his influential approach [2] the relation between
data, knowledge, and information is understood as a conceptual transition from
data to knowledge and from knowledge to information initiated by an each time
increased understanding. Moreover, this transition admits one more step, namely
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from knowledge to wisdom: understanding relations leads from data to informa-
tion; understanding patterns results in knowledge; even understanding principles
gives raise to wisdom.

It should be noted that in this approach the concept of information is prior
to the concept of knowledge: knowledge is created out of information as opposed
to [81] where information had been characterized via knowledge.

It already appears at this stage that a closer interrelation between data,
knowledge, and information is indeed fundamental whereas an epistemic depen-
dency between concepts like practice or wisdom on one hand and data, knowl-
edge, and information on the other hand remains at least doubtful. Beyond the
mere conviction that data, knowledge, and information are closely related to
each other there is, however, no commonly shared understanding of the kind of
this relationship. It is our intention to contribute to this discussion as well.

3 Philosophical Background

So far we have exhibited the core concepts for a theory of information. This
section now is devoted to philosophical investigations of the epistemic status of
these concepts along with their relationships. The basic situation is compara-
ble to the situation in logic concerning the concept of truth where Tarski [88]
has explicitly referred to foundational philosophical positions, namely the semi-
otic approach as the philosophical ground for his pioneering theory of truth.
This means that he explicitly wanted to prevent his approach from being some
kind of ad hoc or based on a specifically taylored background. In this sense a
philosophical reflection seems inevitable and indispensable at the same time.

Tarski has then explicitly chosen a semantic foundation of the concept of
truth. This seems to be a canonical decision, and it is doubtful whether he
actually would have had another choice. In the following we will investigate the
epistemic status of the concept of information.

Our approach is committed to the semiotical theory in the tradition of the
pragmatic philosophy after C.S. Peirce [74] as well.Pragmatism (or pragmaticism
as it was called later on) tries to react on deficiencies identified in the philosoph-
ical tradition where especially the gap between pure epistemology and practice
could not be bridged in a philosophically sufficient way.

While even a rough outline of the philosophical insights would be out of the
scope of this work, we will instead just sketch some basic principles of this ap-
proach that may reveal the influences of this position to the theory of information
we are developing in the sequel. In this spirit it is just intended to introduce the
main concepts and to evoke the central ideas of the position laying behind. This
is definitely not to be understood as a careful philosophical analysis but rather
as a brief review of the basics of Peirce’s philosophy. Readers who are not really
acquinted with the fundamentals of this approach and/or are more interested in
the topic should rather consult some introductory textbooks such as for example
[43],  [72],  [33],  [26],  [67],  [37].
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3.1 Pragmatism

According to the philosophical tradition originating from the (idealistic) position
of Kant, knowledge is composed via perception and subsumption of concepts
under categories. While sharing this general approach (at least in principle) so
far, Peirce emphasizes at this point that the actual establishment of knowledge
is performed by individuals and results in an orientation in the ‘world’. This is
seen as a process in which first concepts are formed and finally knowledge is
established. These concepts are closely tied to indended possible actions by that
very person. This idea is expressed by the pragmatic maxim:

Consider what effects, that might conceivably have practical bearings,
we conceive the object of our conception to have. Then, our conception of
these effects is the whole of our conception of the object. [74, paragraph
5.402]

According to the pragmatic maxim, concepts are thus constituted through
the effects they may evoke. The conceived effects then form the basis for our
conception of objects which gives raise to knowledge. It remains to show in
which way or, more precisely, on what basis this is performed.

Now what initiates our awareness about phenomena are signs. Signs are con-
sidered as the very basic constituents of all epistemic processes. Hence knowl-
edge is especially represented by signs. As a consequence, this view essentially
demands a theory of signs along with a theory of understanding and interpreting
these which is developped in the field of semiotics.

The interpretation of epistemic processes as part of a general theory of signs
on the other hand necessarily requires a fundament to base epistemic considera-
tions on. According to the classical philosophical tradition especially in the spirit
of Kant’s epistemology, this requires the detection of a system of categories that
determine the fundamental aspects of any possible dealing with signs. Peirce
introduces three universal categories i.e. categories that are always present in
every epistemic process. They are described in his third lecture on pragmatism
1903 as follows [74, Vol. 8, paragraph 328; A Letter to Lady Welby, 1904]:

1.

2.

3.

Firstness is the mode of being of that which is such as it is, positively and
without reference to anything else.
Secondness is the mode of being of that which is such as it is, with respect
to a second but regardless of any third.
Thirdness is the mode of being of that which is such as it is, in bringing a
second and third into relation to each other.

Understanding may now be characterized as a principally uncompleteable
process of the effect of signs for an interpretant. This process is called semiosis
(cf. [74, paragraph 5.484]).

[Semiosis is] “an action, or influence, which is, or which involves, a
cooperation of three subjects, such as a sign, its object, and its inter-
pretant, this tri-relative influence not being in any way resolvable into
actions between pairs.” [74, paragraph 5.484]
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It basically implies a triadic understanding of signs as claimed by the cat-
egories. Because of their status as universal categories, they are basic for all
epistemic process. Especially, the theory of signs must reflect this. Hence the
theory of signs as sketched above is also subject to a triadic relation. This has
been pointed out by [19, 99]:

A sign, or Representamen, is a First which stands in such a genuine
triadic relation to a Second, called its Object, as to be capable of de-
termining a Third, called its Interpretant, to assume the same triadic
relation to its Object in which it stands itself to the same object. The
triadic relation is genuine, that is its three members are bound together
by it in a way that does not consist in any complexus of dyadic relations

It is important that there is not only one stage of triadic interpretation of
signs. The process of a ‘semiosis’ is a multi-stage process in principle: a sign in
its triadic specification may well be an object of consideration with a specific
viewpoint in itself. This turns one triadic sign into a representamen for another
process which is another triadic sign with another object and another represen-
tant. It is worth mentioning at this point that the interpretand in Peirce’s theory
of signs is the sign created in the mind of a person and not the person itself.

In general his categories along with his semiotical analysis are meant to
provide the means to bridge the gap that Peirce identified in the Kantian epis-
temology between concept on one hand and their relation to (possible) actions
on the other hand. It is the process of the semiosis that should overcome this
fundamental restriction detected in the philosophical tradition.

According to the pragmatic semiotics we have to deal with signs, concepts,
and objects together with their relations. Concepts on the other hand must not
be separated from the process of establishing knowledge and according to the
pragmatic maxim [74] thus may not be thought without possible consequences
or actions associated with them in our imagination.

Peirce’s theory of signs may in short be explained via the following statement
in [19, p. 99]:

A sign, or representamen, is something which stands to somebody
for something in some respect or capacity. It addresses somebody, that
is, creates in the mind of that person an equivalent sign, or perhaps a
more developed sign. That sign which it creates I call the interpretant
of the first sign. The sign stands for something, its object. It stands for
that object, not in all respects, but in reference to a sort of idea, which
I have sometimes calles the ground of the representamen.

Philosophical ideas pre-structure the domain of things that may be dealt
with. So these structures implicitly underly all phenomena and thus have to
be taken into consideration in order to establish a cognitively adequate (infor-
mation) model. But since the main focus of this paper is not on problems of
epistemology, we will interrupt the discussion of the philosophical background
at this point. It is rather our concern to base our theory on clear philosophical



Towards a Theory of Information 85

insights and especially to counter the kinds of reproaches as for example stated
in [56, p. 61]

Diese [. . . ] Orientierung hat die Informatik vor dem Hintergrund
einer vielerorts fehlenden Bereitschaft zur Auseinandersetzung mit ihren
methodischen Grundlagen davon abgehalten, sich den Problemen der
Praxis in einer methodisch tragfähigen Weise zuzuwenden.

In this context the present work is especially meant to face this reproach
and to develop a methodologically well-justified theory of information instead
to contribute to a philosophical discussion. To do so we have to bridge the
gap between the philosophical considerations and conceptualizations that can
actually be implemented into a real information system.

The investigation of consequences that may serve as a concrete basis for our
intended application requires a transformation of principles of rather epistemic
nature into conceptualizations that admit a more practical treatment. Such an
interpretation will be presented in the following section.

3.2 Morris’ Analytical Reductions

Whereas Peirce’s categories had been meant as universal philosophical categories
underlying and guiding every epistemic process, in the succession a purely ana-
lytical reinterpretation of the semiotical relationships on the basis of the three
categories by Morris (cf. [66]) has been worked out. In the following we will
adopt this analytical reduction for our considerations. Accordingly, semiotics as
the general theory of signs has three subdivisions [65] (see also [20]):

(1)
(2)

(3)

syntax, the study of Òthe formal relations of signs to one anotherÓ,
semantics, the study of Òthe relations of signs to the objects to which the
signs are applicableÓ,
pragmatics, the study of Òthe relation of signs to interpretersÓ .

In this analysis some possible relationships are missing. One could certainly
think of the relation between an interpreter of a sign and the objects to which
the signs are applicable ([79]). This leaves room for further investigations based
on these dimensions.

3.3 A Semiotic View of Information

In this section we discuss the semiotic nature not only of information but also
of the related concepts of knowledge and data. We will show that the semiotical
approach provides a theoretical basis for an unified view on data, knowledge, and
information. The common basis of these concepts is provided by the abstract
concept of a sign which is considered as an ontological unity.

Now signs in an epistemic context are subject to analytical considerations ac-
cording to Morris’ semiotical dimensions. This results in the following conceptual
coordination:



86 W. Lenski

Data. Data denotes the syntactical dimension of a sign.
As Morris’ semiotical dimensions are analytic abstractions that are derived

from Peirce’s categories, the universality of the latter as a whole cannot be
circumvent and is always present in all mental activities. So isolating just one
dimension of a comprehensive semiotic analysis can only be done artificially —
and only for analytical purposes. One may certainly focus on projections of the
whole to one of its dimensions, but these are then just restricting perspectives
neglecting the other dimension that are nevertheless associated with the object
as well.

In this sense data denotes the organized arrangement of signs with emphasize
given on the structural or grammatical aspect only. Moreover, just arbitrary
arrangements of signs are not considered as data. This implies that data are
always derived from an understanding of a part of the world, not withstanding
the fact that the result is basically a sequence of pure signs.

In view of the pragmatic maxim (see page 83) this implies that the con-
cept of data must be understood with respect to its actionable intentions —
its usage. According to their syntactic dimension data are not interpreted, but
interpretable. The adherent interpretation, however, is external to the syntactic
structure; data provide the raw material for subsequent interpretation.

This aspect implies several things. At first, the creator must make sure that
a subsequent interpretation is feasible. This is performed by using an organiza-
tional structure, a grammar, that refers to an understanding which can supposed
to be taken for granted (at least to some extent) in the community to which the
intended contents is addressed.

The (re-) construction of the underlying ideas requires at first the usage of a
commonly understood organizational form, a grammar. Such a grammar is then
endowed with a shared interpretation within a community. So it is this procedure
of interpretation which is made possible by referring to a organizational form
that in a community is associated with a form of interpretation.

However, it is the usage of a commonly understood organizational form, a
grammar, which is external to the data that allows this (re-)construction.

Knowledge. Knowledge denotes the semantical dimension of a sign.
Knowledge is generally understood as being certain.3 This certainty may be

true (cf., e.g., [5, p. 34]), or at least justified in some sense (see [7].
As for syntax, the universality of Peirce’s categories also leads to conse-

quences for their analytical abstraction in semantics which abstracts from per-
3

Endlich heißt das sowohl subjektiv als objektiv zureichende Fürwahrhalten
das Wissen. ([47, B 850/A 822])

and has subsequently been broadly acknowledged; see for example [32] or [49].

To relate knowledge to certainty goes (at least) back to Descartes [28]. Descartes in
his quest for solid grounds for certainty of reasoning essentially relied on mathematics
as providing a convincing model. A similar understanding has also been taken over
by Kant when writing
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sons that actually ascribe its contents. It is the very process of analyzing this
abstraction process that is subject to the category of thirdness as well. In this
context it amounts to analyzing the grounds on which this abstraction is per-
formed — and especially by what reasons a conviction (necessarily) be shared
by a community which results in a common acknowledgement of the abstraction
process (and hence of its results as well) establishing (at least some sort of) inter-
subjective commitment. This investigation is necessarily part of the procedure
to account for semantical relationships.

In this sense we may analyze characteristics of the kind of abstraction in-
volved in the actual generation of and subsequent attribution as knowledge.
Accordingly, the abstraction leading to various degrees of certainty may be

universally valid
This would be ideal for a pure semantic characterization and is in general
the pretension of truth. However, even Tarski’s semantic theory of truth
[88] in mathematics has not experienced general acceptance as a universal
methodology and remains bound to Hilbert-Tarski-style of mathematics; see,
e.g., constructive mathematics in the sense of Brouwer. As there are no other
grounds for a universally accepted methodology currently being visible, this
claim must be considered as a ‘regulative idea’ in the sense of Kant that may
only be approximated in reality.
depending on presuppositions
This hints at a community sharing the presuppositions. As a consequence
the abstraction determinuing the semantic nature of the knowledge is only
acknowledged by this community.
only personal.

This gives raise to several dimensions or degrees of justification that may be
distinguished. Whereas ‘true’ and in a similar sense ‘valid’ or ‘justified’ comprise
a universal claim of justification, there may exist personal knowledge.

Information. Information denotes the pragmatical dimension of a sign.
Being of pragmatical dimension, information demands an interpretand to

perform an interpretation. Information is bound to a (cognitive) system to pro-
cess the possible contributions provided by the sign (the data) for a possible
action. Such an action on the other hand is by no means arbitrary but ‘purpose-
ful’, i.e. driven by an intention. It is this very aspect that is vaguely described as
the “biased” nature of information (see, e.g, [55, p. 265]). It has become usual
to denote such system by agent be it a human or not. This is described in [29]
as follows:

it is common among cognitive scientists to regard information as a
creation of the mind, as something we conscious agents assign to, or
impose on, otherwise meaningless events. Information, like beauty, is in
the mind of the beholder.
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Especially, information inherits the same interpretation relation as knowl-
edge with the difference that the latter abstract from any reference to the actual
performance of the interpretation. According to the universality of Peirce’s cat-
egories this implies that the relation to ‘possible actions’ is just neglected in the
concept of knowledge. But then the question raises what kind of (abstracted)
relations may actually result from such an abstraction: it must result in some
generalized experience which in turn brings up the question of the kind of justi-
fication of such an abstraction.

This is the epistemic position which shows that knowledge and information
are indeed closely tied together. The systematic question whether knowledge or
information is prior then amounts to the question of the relevance of the actual
performance of the interpretation:

For knowledge based on information there is necessarily an abstraction pro-
cess associated. Such an abstraction has to face the problem of coherence or
consistence of the possibly different individual interpretation processes. At
any case, it must be taken care that there are no incompatible views merged.
For information based on knowledge emphasizes this very performance of
an interpretation, i.e. the actual usage of knowledge (items) for a considered
action. The corresponding question remains namely in which sense we confine
to the abstraction necessarily incorporated in the knowledge item.

As we will see both relationships are actually considered in practice. While the
first one especially emphasizes the generation process, the latter rather stressses
the usability of previously compiled information under given circumstances.

4 Conceptualizations of Information

The philosophical foundation has provided the epistemological background which
leaves open the question of subsequent specifications. It is the task of the sciences
to establish specifications that are consistent with the philosophical considera-
tions and concretize aspects for their special purpose. In the following section
we will investigate the contexts of such realizations.

4.1 Conceptualizations of Information in Organizational Units

In the context of business organizations [70] provides an excellent summary of
both Western and Japanese interpretations of knowledge. The book also contains
an extensive bibliography of the literature. For another account of the usage of
these concept see also Robert Dunham’s column [31] in the first issue of KM
Briefs and KM Metazine where he gives an introduction of an understanding of
‘knowledge’ as being used in business organizations. In this context knowledge
shows essentially a dynamic behaviour and may in short be characterized by
“knowledge as action” (see [70, p. 57f], [76]) according to the theory of cognition
in [60]. This view of knowledge has already been characteristic in Ackoff’s ap-
proach where knowledge is considered as an application of data and information.
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We also find a wide-spread understanding of information in the spirit of [27] in
the business commmunity: “information is data with meaning” (see, e.g., [85],
[23]).

Nonaka and Takeuchi emphasize the difference between explicit knowledge,
which can be articulated in formal language and transmitted among individuals,
and tacit knowledge which is understood as personal knowledge embedded in
individual experience and involving such intangible factors as personal belief,
perspective, and values – a distinction originally made by Michael Polanyi in
1966 [70, p. viii and p. 59]. This distinction has became very influential in the
sequel. Nonaka and Takeuchi stress that “the interaction between these two
forms of knowledge is the key dynamics of knowledge creation in the business
administration” [70, p. ix].

It is thus the challenge of an organizational enterprize to acquire, to record,
and to transform tacit knowledge into a suitable form such it subsequently can
be turned into a valuable resource and utilized for the business’ purposes and
not only just remains an individual proficiency.

Nonaka and Tacheuchi summarize their study on the usage of information
and knowledge in organizational structures and consider

. . . knowledge as a dynamic human process of justifying personal be-
lief toward the ‘truth’. [70, p. 58]

This is the viewpoint of what in enterprises is oftenly understood as “knowl-
edge management”. It acknowledges knowledge as a valuable but oftenly unartic-
ulated and thus unexploited source. This view especially emphasizes the dynamic
process of knowledge compilation being a central challenge of organizational
units.

However, although these citation share a common view, these concept mostly
appear to be ad-hoc definitions though and lack a profound foundation. This has
already been mentioned in the survey in [86]

Not only are the definitions of the three entities vague and imprecise;
the relationships between them are not sufficiently covered.

The relation between data, knowledge, and information is often considered
as constituting a hierarchy with data at the bottom, followed by information,
and finally knowledge at the top (see [86, p. 3]). Stenmark then continues to
critizise

This image holds two tacid assumptions; Firstly, it implies that the
relationship is asymmetrical, suggesting that data may be transformed
into information, which, in turn, may be transformed into knowledge.
However, it does not seem to be possible to go the other way.

One interesting point raised by [68] is the close relationship between knowl-
edge and abstraction the latter being understood in contrast to detail.
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One of the most important characteristics of knowledge is abstrac-
tion, the suppression of detail until it is needed [ . . . ] . Knowledge is min-
imization of information gathering and reading – not increased access
to information. Effective knowledge helps you eliminate or avoid what
you don’t want. Such abstraction also enables you to make judgments
in a variety of situations, to generalize.

Consideration of that kind led to the notion of information economics [59]
which is especially concerned with the study of the tangible value of information
holdings to business enterprises exhibited by information mining.

It is worth mentioning that ‘knowledge’ in this field is considered essentially
as a process that constitutes a challenge and demands a task. It thus shows a
dynamic behaviour. The challenge is to exploit all (tacid) knowledge acquired by
members of an organizational unit to the benefit of the organizational unit itself,
and the task is the compilation of (individual) knowledge into a suitable generic
form such that it can be utilized as a valuable resource. This compilation into a
generic form may require some adjustment which is considered as abstraction.4

All these view share one common point that may be charactzerized as fol-
lows. Members of organizational units generally accumulate valuable personal
experience or belief (“tacit knowledge”) which are not entirely subjective and
yet not fully objective [75]. As this constitutes a valuable source for the overall
interest of the organizational unit, it is a challenge for the unit to “leverage the
tacid knowledge of its members” ([86, p. 8]) and to transform this individuated
form of organizational knowledge — which so far is only present in distributed
form and only available to individuals — into a form of organizational knowl-
edge that is available for the organizational unit itself (“explicit knowledge”). It
is only the explicit form of knowledge that admits systematic exploitation on the
organizational level and can be viewed as a secured valuable possession, i.e., that
is uniformly accessible to each member of the unit and allows specific processing
beyond individual awareness. This is the kernel of exploitation in the context of
so-called “knowledge management”. It may be summarized as follows: It is the
challenge for every organizational unit

to access individual experience (“tacid knowledge”)
to collect it in a form available for the unit (“knowledge management”)
to extract the valuable kernel out of these (“abstraction”)
to verify its contents (“true facts”)
to represent these in a form ready for exploitation (“explicit knowledge”).

These conceptualization of ‘data’, ‘knowledge’, and ‘information’ so far reflect
the overall aim of organizations interest. Emphasize is mostly on the generation
and aggregation of knowledge by focussing on the process of abstraction whose
result is in the light of the provious section necessarily associated with ‘knowl-
edge’. This is in some contrast to epistemic interests where emphasize is not
4 This abstraction may only consist of a weak form as in Wiig [92] who defined infor-

mation as “ . . . facts organised to describe a situation or condition”.
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on problem of the generation and aggregation of knowledge but on knowledge
as the disposable conceptual basis for personal orientation in and inter-personal
communication on aspects of the world.5

4.2 Conceptualizations of Information in Information Science

There is a different understanding of ‘knowledge’ and ‘information’ to be ob-
served in the information science and information technology communities on
the one hand and the business-related approaches on the other hand. It was
mainly in the eighties of the last century when the information science commu-
nity in a wide-spread and detailed debate tried to become aware of the meaning
of the fundamental concepts being constitutive for its field and to provide the
conceptual ground for their self-understanding. In was mainly at that time when
a discussion on foundational issues resulted in a detailed and carefully performed
analysis of the so-far less specified concepts. As in the previous section, we again
review some characterizations that have contributed to an overall understand-
ing of the concept in the community and that appear to be fundamental for our
intention as well.

This review, however, will beyond a mere compilation of more or less unre-
lated aspects at the same time provide a systematization of the so far scattered
aspects of the concept of information. In this sense the different aspects are all
meant to contribute to a faceted view of a whole.

Information as difference. The most abstract specification of the concept of
information may be found in [11] (cf. also [10, p. 428] for some earlier consider-
ations). According to Bateson

Although this fundamental characterization seems to meet the very kernel
of a conceptualization of ‘information’, Bateson subsequently investigates pos-
sibilities for a universal definition and looks for a physicalistic foundation for
a theory of information. We do not follow the overall assumption of Bateson,
we do, however, think that Bateson has indeed identified the most abstract and
5 It should be mentioned, though, that there are also understandings in the field of

organizational units that not really conform with this view. Choo in “The Knowing
Organization” [22, p. 62] for examples suggests an understanding of information
being a change in the individual’s state of knowledge and a capacity to act. This
is a view that rather fits into an understanding as developped in the context of
epistemological studies.

It may be annotated that even a radically different view has been suggested by
Tuomi [89],[90]. He proposes that data emerges as a result of adding value to infor-
mation, which in turn is knowledge that has been structured and verbalised (see also
[86] on this topic). In the consequence there is no “raw” data. This is perfectly in
concordance with the vision of an organizational unit to store the tacid knowledge
for better exploitation.
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general description of what ‘information’ is. As a consequence we separate his
uniform description from the physicalistic presumption he is committed to.

The task remains to re-interpret this characterization in a suitable setting.
Especially, a necessary concretization has to specify in what shape differences
occur and in which granularity ‘differences’ may be recognized as such be it a
person or a system, and especially what their content is, i.e. what is transmitted
and what is the effect caused by it. In other words the nature of a ‘difference’
has to be clarified in order to make it an object of a theory of information.

Information as a process. Losee [55] tried to unify different approaches of
conceptualizations of information and proposed a “domain-independent” view of
information. This explicitly includes such different fields as physics and various
models of human behavior. The unifying principle upon which his theory is based
is found in an assumption about the origin of information. Losee claims that the
fundamental phenomenon of information which underlies most other conceptual-
izations of information essentially depends on an underlying process (see [55, p.
258]). This is expressed in Losee’s fundamental principle: “All processes produce
information.”

Information in turn must then be viewed as the result of a generation pro-
cess: “the values within the outcome of any process”. At first hand this makes
information a dependent concept and hence process the primary concept to be
studied for a general characterization of information. Accordingly, the focus is
shifted from information itself to the conditions of its generation: the ability to
“produce an effect” ([55, p. 259]).

One might be attempted to allude this notion of a process to the essential
relationship to possible actions according to Peirce. But this line of thought is not
pursued, and Losee looks for some other kind of justification. From a systematic
point of view this approach poses several problems. It relates information to
an understanding of ‘process’ with emphasize given on the detectable results
‘value’ and ‘outcome’. Moreover, as long as these concepts are not proven to be
more basic than the definiendum ‘information’, the definiton remains incomplete
and rather results in an unnecessary inflation of basic concepts which are not
obviously ‘prior’ from a systematic point of view.

Losee has been aware of this. In conformity with the etymological roots of
‘information’ Losee especially hints at the substring ‘in—form—’. This should
provide a justification for the intended specification of ‘outcome’ as ‘character-
istics in the output’ (see [55, p. 256]) which results in the following statement:

This formulation, however, just extends the list of unspecified terms that have
to be clarified by ‘characteristics’ and ‘output’. Losee promotes his approach
by presenting the prototypical models for such processes namely mathematical
functions and causal mechanisms in physics. Two remarks should be pointed
out.
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Firstly, these notions already hint at some rather technical treatment of ‘pro-
cess’ — and consequently of the concept of ‘information’ as well due to the
dependencies established in definition (2). In this context ‘value’ undergoes a
technical interpretation as a “variable returned by a function or produced by a
process” which at the same time differentiates between processes and functions
the latter being a subspecies of processes in a technical environment (see [55, p.
267]).

Secondly, definiton 2 seems to neglect that at “both ends of the channel cog-
nitive processes occur” ([17, p. 195]). Especially this second limitation has been
felt by Losee as well. To overcome this restriction — which would essentially
undergo his attempt to establish a discipline independent definition of infor-
mation — he tries to extend his procedural characterization of information to
cognitive and communication processes as well. According to his approach, this
amounts to interpret the ‘characteristics’ in a given field. The conceptualization
of ‘process’ outside the technical areas including mathematics, however, remains
altogether vague and is mainly inspired by his prototype models enriched by
epistemic considerations. It is sketched like ‘knowledge’ — attributed as justified
and true ‘belief — may be interpreted as results of processes by correspond-
ing processing abilities of the mind ([55, p. 265ff]). This may be viewed as an
attempt to demonstrate how domain-specific extensions like ‘meaning’ may be
integrated into his approach to demonstrate its universality.

In general, his analysis lacks an adequate account on the very cognitive pro-
cesses beyond a study of perception and its interpretation seen as a signal pro-
cessing cognitive ability. Just in the contrary, capturing issues of a conceptual
approach such as ‘usefulness’ is rather described as a limitation of a generic
definition, since it restricts the “domain of discussions [... ] to cognitive pro-
cesses” ([55, p. 257]) and thus rather prevents a generic definition that should
imply universal applicability. Losee even demands that domain-specific defini-
tions should be set up in compatibility with his definition and thus constitute
mere concretizations of his general description [55, p. 257].

There are aspects that make Losee’s considerations important for our context
though. In the light of Bateson’s abstract specification (“a difference that makes
a difference”) Losee’s definition of ‘information’ as inherently being the result of
a process may be interpreted as a specification of that what actually “makes”
a differences: it is caused by an underlying process — and we may add: driven
by purpose and interest! In this sense Losee’s principle may be re-interpreted as
contributing a concretization for one facet of Bateson’s abstract statement —
and this is actually the point in Losee’s approach we are interested in.

Information as transformation. The following statement from the influential
view presented in [12] may be considered as to provide a further specification
of (1). In our point of view it contains a partial answer to the question on
what information makes a differnece and thus contributes to a more detailed
understanding of the concept of information.
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According to a remark by Silvio Ceccato, the concept ‘structure’ in statement
(3) is to be understood as a universal category in the philosophical understanding
of the concept ([12, p. 198]). This might not have been the original intention of
the authors, since they added a remarks expressing that the philosophical status
of the concept ‘structure’ would not affect the argument. As we will see lateron
this is absolutely right. This comment may rather be viewed as an expression
of the authors’ suspect that a systematization of this concept might be pos-
sible – and even desirable. We suspect that the contextualization of structure
as a philosophical term has prevented the concept of information being stud-
ied in a formalized system where ‘structure’ indeed admits a concrete technical
specification. Insofar the remark might be somewhat misleading in view of its
consequences. It may already be annotated at this point that the work of Belkin
and Robertsen has only been influential to the understanding of the concept of
information in the context of information science. However, it has not led to a
foundation of information systems.

Modification of knowledge structures. In the same direction of thinking a
more intrinsic description is provided by [17, p. 197] who focusses on the nature
of the transformation and the kind of structure that is altered:

Altogether the abstract definition (3) of ‘information’ as “a difference that
makes a difference” has been subject to a first concretization: Given a ‘struc-
ture’ (and we may add: which is represented in a suitable form) information is
something external to this structure (“a difference”) which may affect or change
the internal disposition of this structure (“makes a difference”) in a procedural
sense. From this point of view it remains to consider three phenomena:

The internal constitution of the structure.
The nature or ‘carriers’ of the external influences that “make a difference”.
The kind of alteration of the structure after an affection by the external
influences.

Information and knowledge. We have detected that information and knowl-
edge structures are closely tied to each other. Moreover, information is defined
as an alteration of a knowledge structure which makes knowledge prior to in-
formation from a systematic point of view. The definition of knowledge and
information in [18, p. 131] acknowledges this very fact and focuses exactly on
the dependency between these concepts.
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Information and data. Another definition is based on a classic article by
Richard Mason that relates information and data which — according to the
philosophical commitment — are given as signs ( [58]; see also section 3.2):

with the necessary addition “which has the potential to alter the cognitive state
of a decision maker.” This emphasizes the aspect what carries information com-
plementing Losee’s process-oriented approach and at the same time hints on
specific settings that must be given to turn data into information: pure data
viewed as (syntactically) organized signs are only considered as information in
a suitable context, i.e. endowed with an interpretation providing meaning.

Information and meaning. The boundedness of information to interpreta-
tions (thus constituting meaning) is especially expressed in

Something only becomes information when it is assigned a signifi-
cance, interpreted as a sign, by some cognitive agent. [29, p. vii]

It should be noted, though, that this very view of the concept of information
is critized by [29] as connecting information with meaning in a misleading way.

This definition relates ‘information’ to a state where “possible actions” are
most desirable (“is assigned a significance”); in the light of the philosophical
background we are committed to, the explicit relation to a decision maker just
(rightly) links the concept of ‘information’ to a “pragmatic situation”. Moreover,
the definition expresses again that signs (symbols) are the carriers of informa-
tion. However, the notion of an agent seems to be too restricted for a definition
of ‘information’, since there are certainly other situation imaginable where a
need for a subsequent action requires support. Altogether, the definition cer-
tainly points at some crucial situation in which the notion of ‘information’ plays
a central role but restricts its scope unnecessarily.

5 Formalizations of the Concept of Information

We have shown that logic in the sense of Frege and Tarski has been designed
as a semantic theory and rightly abstains from a pragmatic dimension. This is
in full accordance with the philosophical tradition where ‘truth’ and ‘proof are
thought of as being

independent of the persons that demonstrate it,
insensitive to their context,
everlasting.

In contrast to this information essentially relies on the pragmatic aspect.
This implies that a model for the situation in which information occurs along
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with a user model has necessarily to be included in a justified formal theory of
information. Such a theory is out of sight though.

In this section we study formalizations of (aspects of) conceptualizations of
‘information’. We then summarize what clarifications have already been made
for a future comprehensive theory of information that is different from what is
understood by ‘information theory’.

5.1 Shannon’s Theory of Information

The first section is be devoted to Shannon’s theory of information ([82], [83])
which might justly called a break-through for a theory of dealing with a con-
cept of ‘information’.6 Shannons’s theory of information, however, — although
a very early contribution to conceptualizations of ‘information’ in the light of
the history of the development of the concept — aims at another direction than
we are interested in. It is not a theory of communication in the sense of inter-
preting signs or selecting a subset of a given material for inspection according
to an information request. Instead, it might rather be considered as a theory of
transmission — as opposed to a theory of communication in the semiotic context
— which reduces the concept of information to the decrease of uncertainty.

The fundamental problem of communication is that of reproducing at
one point either exactly or approximately a message selected at another
point. Frequently the messages have meaning; that is, they refer to or are
correlated according to some system with certain physical or conceptual
entities. These semantic aspects of communication are irrelevant to the
engineering problem. The significant aspect is that the actual message
is one selected from a set of possible messages. [82, p. 379]

Shannon’s theory of information thus explicitly excludes meaning in a Frege-
Tarski-style and may rather we viewed as a theory of reduction of uncertainty
in a situation in which a given and known set of alternatives together with
corresponding probabilities is given. This means that we have a sort of a ‘closed
world’ setting. The problems remains to get support for the selection of one of
the alternatives. In this sense Shannon’s theory may also be characterized as a
theory of uncertainty under given (and known) circumstances.

The approach of Shannon (and Weaver) specializes and focusses of just some
aspect of a concept of information — and it is its merrit to make this view
subject for a fully developped theory in the sense of the (natural) sciences.
6 It should be annotated though that — as usually in the development of science —

there have been predecessors. Nyquist [71] already studied the limits of a telephone
cable for the transmission of ‘information’; Hartley [40] developed a conceptual-
ization of information based on “physical as contrasted with psychological consid-
erations” for studying electronic communication. Shannon also did not provide a
definition of information but presented a model for a theory of information.

What Shannon essentially brought into the model is noise. See also [55] for a short
survey of the development of ‘information theory’.
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Once understood, there have been more definitions (or rather explanations of
the ground terms of this theory) in the same spirit in the sequel.7 They all
seek to capture the idea of the engineering aspect of information in the sense
of Shannon more precisely. Such a definition that seems to meet the spirit of
Shannon’s intention in a more specific sense is provided by [61]: “Information is
the content of the energy variations of the signal.”

It has been noted, however, that aspects of this approach to reduce uncer-
tainty may also be interpreted in the context of classical information retrieval:
the fact that presenting more material to the person asking for information may
well aggravate uncertainty [80]. But this remark may apply to information sys-
tems that do not rank documents according to their (estimated) retrieval value.
More elaborate information systems that calculate a retrieval value status for
the appropriateness of the documents for the query (or the information need,
respectively) and only present the highest ranked documents to the person
requiring the information may not really be affected by this remark.

We agree with [57] that Shannon developped a theory for some subpart of a
more general understanding of information insofar all sorts of information have
the ability to reduce uncertainty. So Shannon’s approach is far too restricted
to be used for a basis of a conceptualization of information that may serve as
a foundation for concepts of information as used in the design and modeling
of information systems. This has already been pointed out by [17, p. 195] who
noted that at “both ends of the channel ... cognitive processes occur”.

A review of understandings of the concept of ‘information’ that makes a
claim on a certain completeness must not neglect these processes. To cope solely
with the aspect of reducing uncertainty would mean to cut of a vivid tradition
of conceptualizations of ‘information’ as we have shown. In some sense it is just
on contrary the increase of certainty what information systems aim for. So it is
our task to exhibit these cognitive processes.

5.2 Semantic Information

There are other conceptualizations of ‘information’ found in (the exact) sci-
ence(s). The notion of semantic information has been brought up by the tech-
nical report of Bar-Hillel and Carnap [8] continuing some thoughts of Popper
[77] and [78]; see also [9] and [48]. It is inspired by Shannon’s approach to in-
formation and attempts to weave probability into a logical setting. Hintikka’s
pioneering paper of semantic information [42] presents a theory of information
in the shape of a logical interpretation of probabiliy as opposed to a statistical
(or frequency-based) theory of probability that examines what happens in the
long run in certain types of uncertainty situations. A logical interpretation in-
stead focuses its interest on possibilities to distinguish alternatives by means of
their formal expressions of the logical language. The difference is characterized
as follows:
7 For a survey and an account on the development of ideas as well as more recent

results in this area cf. [4].
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It is completely obvious that the sentence can be said to be
more informative than even if we know that both of them are in
fact true.

Semantic information theory accordingly arises when an attempt is
made to interpret the probability measure that underlies

as being this kind of ‘purely logical’ probability. [42, p. 5]

An example of this ‘purely logical’ probability is provided by the following:
Let K be the number of possible alternatives and consider a statement

where the width of is Then the ‘logical’ probability is

which results in the information of (cf. Shannon’s theory of information) as

Fred Dretske’s work [29] motivated and initiated a series of further devel-
opments in ‘semantic information theory’. Continuing in this line Barwise and
Perry [6] essentially expanded the scope and presented a theory which proved
to be very influential in the sequel. Their work has been the starting point of
Devlin’s study of the concept of information [30], and subsequently Barwise and
Seligman [7] also continued in this line of research.

A theory of information being developped as a logical theory necessarily
inherits — according to the semantic nature of logic after Tarski [88] — its
semantic status. This so far explains the denotation. Semantic information in this
sense does not constitute an original understanding of information but rather
suggest a treatment of the concept of information inside a logical framework.

The separation of information from necessary interpretation on the other
hand allows to study its usage, its properties as pure carriers, and its functional
behaviour. This is the program of [29] which is characterized as follows

Once this distinction [of information and meaning] is clearly under-
stood, one is free to think about information (though not meaning) as
an objective commodity, something whose generation, transmission, and
reception do not require or in any way presuppose interpretive processes.
One is therefore given a framework for understanding how meaning can
evolve, how genuine cognitive systems [.. . ] can develop out of lower-
order, purely physical, information-processing mechanisms.[... ] The raw
material is information. [29, p. vii]

The study of the functional phenomenon of information is the main task of
the theory of information flow. For an account of recent research in this field
see, e.g., [34], [35], [45].
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5.3 Algorithmic Information Theory

Although certainly inspired by the basic considerations of Shannon’s theory of
information, Gregory Chaitin [21], Ray Solomonoff, and Andrej Kolmogorov (see,
e.g., [53]) developed a view of information different from that of Shannon. Rather
than considering the statistical ensemble of messages from an information source,
algorithmic information theory focusses on individual sequences of symbols.

More precisely, the algorithmic information content or Kolmogorov complex-
ity H(X) of a string X is defined as the length of the shortest program on a
universal Turing machine (UTM) U producing string X. The field of algorithmic
information theory is then devoted to the study of structures and phenomena of
this concept.

As a subfield of mathematics, algorithmic information theory is completely
unrelated to the concept of information used in information science or in the field
of information retrieval. Algorithmic information theory is rather developped as
an abstract theory of words and problems related to coding, complexity issues
and pattern recognition. Hence we will not go into details of this theory in the
sequel.

5.4 The Fundamental Equation of Information Science

There have been attempts to formalize conceptualizations of ‘information’ in in-
formation science.8 It seems inevitable that certain reductions of the conceptual
complexity of a socio-cultural understanding of the primary concepts has to go
with such attempts. The semantic conception of ‘truth’ does definitely also not
capture all facets of the understandings of the concept in real life! Instead, it
is specifically tailored to capture the fundamental properties that are needed
to build mathematics on it. All approaches towards a formalization of ‘infor-
mation’, however, are far from constituting a formal system in the spirit of the
theories described in this section — and a respective theory is out of sight at
the moment.

The most promising starting point in view of admitting possible specifications
of the basic symbols in terms of the cognitive sciences is certainly the famous
‘fundamental equation’ of information science which has been discussed in [16]
and succesively refined until reaching its famous form in [18]:

This equation

. . . states in its very general way that the knowledge structure K[S]
is changed to the new modified structure by the information

the       indication the effect of the modification. ([18, p. 131])
8 See in particular Mizzaro’s theory of information in [63], [64] which also provides

an interesting approach. In this paper, however, we will rather concentrate on some
other line.
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Brookes has already attached some background ideas and annotations to
statement (8) (cf. [18, p. 131]). In the course of his exposition he explains some
principles behind this formally condensed statement. Especially, he points out
that this equation must not be misunderstood as a simplification but as a repre-
sentation of more complex insights. In this sense it is rather meant to transscript
some general insights into the ‘nature’ of the concepts of knowledge and infor-
mation.

Brookes’ ‘fundamental equation’ provides the most abstract formal specifica-
tion of the interaction of data, information, and knowledge and has experienced
a broad acceptance in the information science and retrieval community. Our con-
siderations are meant to provide a conceptual clarification of the significance of
the fundamental equation beyond the original background along with a guideline
for a realization of the rather abstract and merely denotational statement (8).
The respective clarifications are at the same time the first step for any further
modelling insofar they determine the abstract properties of and interrelations
between the concepts that must be modelled. This will result in a specification
of the principles9 behind (8) in a theoretical framework.

5.5 Principles Ruling Information

In this section we summarize the properties along with the functionalities that
have to be modeled by a theory of information. The principles (1) to (7) will
constitute a system of prerequisites for any subsequent theory of information
that claims to capture the essentials of the field.

(1)
(2)
(3)
(4)
(5)
(6)
(7)

Information is [... ] a difference that makes a difference.
Information is [... ] the values of characteristics in the processes’ output.
Information is that which is capable of transforming structure.
Information is that which modifies [... ] a knowledge structure.
Knowledge is a linked structure of concepts.
Information is a small part of such a structure.
Information can be viewed as a collection of symbols.

A few remarks to these are meant to summarize and complement the longer
expositions given in the previous section. In addition, their relation to the ‘fun-
damental equation’ will be explained in short:

(1)

(2)

denotes the overall characterization along with the functional behavior of
information. It refers to the in 8.
expresses that there is a process involved whose results are the con-
stituents of information. This is the part information retrieval especially
focuses on.

9 We called these basic specifications principles thus avoiding the wording axioms
because we are well aware that in light of modern logic an axiomatization would
require a formal language along with a syntax to formulate the axioms in.
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(3)

(4)

(5)

(6)

(7)

specifies the abstract ‘difference’ as a transformation process resulting in
At the same time it hints at some regularities (‘structure’) that

must be present to impose influence upon.
shows on what information causes effects, namely on knowledge (structures):
K[S]
characterizes the necessary internal constitution of such background struc-
tures (i.e. nothing being amorph) and especially provides a further condition
on ‘knowledge’ (structures) to be able to admit effects at all.
relates the internal constitution of information units to the internal constitu-
tion of knowledge structures. It states that certain compatibility conditions
must be fulfilled in order to be able to impose effects.
specifies the internal constitution of the carriers of information. Moreover,
it gives the contents which in principle would admit a formal treatment.
According to the semiotic approach these must be signs.

We have shown that statement (8) indeed incorporates — in coded symbolic
form — fundamental determinants of the concept of ‘information’ along with its
relations to the concepts necessarily connected with it as studied in the previous
sections of this paper. In this sense this paper contributes to the general research
program initiated by Brookes [18, p. 117] when stating that

the interpretation of the fundamental equation is the basic research task
of information science.

A systematic analysis in the spirit of Peirce’s theory of concepts — namely to
exhibit possible actions involved therein — thus led to an abstract specification
of fundamental properties implicitly involved therein. The principles we found
complement the formal statement and the abstract discussion as well. They pro-
vide a pre-formal intermediate layer between pure philosophical considerations
on one hand and formalizations on the other hand which results in a new di-
mension in this field.

6 Conclusion and Outlook

Reviewing the approaches to determine the concept of information, we found a
lot of scattered characterizations. Whereas some seem less convincing or guided
by some other interest, most of these do meet some single facets of the point but
are at same time insufficient and lack a clear and solid comprehensive foundation
of the concept of information. In this situation the present paper indicates an
approach for a promising systematization on the basis of the semiotical approach
in the succession of Peirce and guided by the ‘fundamental equation’ of Brookes.
In accomplishing the basic steps we have provided a well-founded and solid
perspective for future work in this direction. It is to be hoped that a foundation
will finally evolve that may cope with foundations of the concept of ‘truth’ and
‘proof’ as provided for logic and thus for the whole mathematics and especially
may constitute a framework for the modelling purposes in computer science.
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Abstract. Screening is an essential function of chemical compound
data bases or combinatorial libraries. Two version of screening are dis-
tinguished: searching the data base for compounds that either match or
contain some user-specified compound of interest, the query compound.
Both versions of screening – structure query and substructure query –
are always understood in some approximative sense. Similarity notions
for molecular graphs are given here in terms of graph Voronoi regions.
These lead to certain shortest path lists and shortest path matrices to
which retrieval algorithms refer.

Keywords: Combinatorial library, compound data base, screening.

1 Introduction

Retrieval by structure in chemical data bases also called combinatorial libraries
consists of finding all stored molecules that match some query structure approx-
imately. Retrieval is posed in an approximate sense since approximate matches
are always – and often even more than exact matches – of interest to the work-
ing chemist. The size of combinatorial libraries ranges up to several hundred
thousand compounds which calls for similarity concepts that are efficiently com-
putable.

The similarity issue is related to the diversity problem which amounts to
finding a subset of a combinatorial library that bears much of the diversity of the
original library. Maximizing diversity is thus reduced to minimizing similarity.

Similarity will be derived here from graph Voronoi regions and their shortest
path trees. In addition, searching for all superstructures of a query is supported
by distance methods.

This work is organized as follows. Molecular graphs are introduced in sec-
tion 2. Distance-based graph notions for similarity and corresponding retrieval
algorithms will be stated in section 3. Section 4 deals with a numerical similar-
ity measure. Section 5 covers substructure retrieval. This amounts to finding all
compounds that contain the query in an approximate sense.

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 106–119, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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2 Representation and Retrieval Problems

2.1 Molecular Graphs

Each molecule is denoted by a molecular graph or chemical graph
This is an undirected graph G = (V, E) with vertex set V, edge set E and vertex
label function The vertices indicate the atoms of
the molecule, the edges indicate bonds and the vertex labels indicate the atomar
types. The atomar types which appear in a molecular graph G are denoted by
Type(G).

Molecular graphs of organic and many other substances are planar, but in
exceptions like epoxies and zeolits molecular graphs are not planar [8]. This
means that no crossing-free drawing exists. Violations of planarity will be infre-
quent and whenever a molecular graph is planar it will be drawn without edge
crossings.

Two chemical graphs are isomorphic if the unlabelled graphs are isomorphic,
which means that they admit a neighbourhood preserving one-to-one mapping,
and the neighbourhood preserving mapping preserves vertex labels. Isomorphism
serves as a starting point for deriving similarity concepts.

Any two vertices of a molecular graph are connected by a path
whose length is the number of its edges. The length of a shortest path between
two vertices is denoted by their distance The number of edges which
meet in a vertex is its degree. The degree of any vertex is at most eight in
molecular graphs. Thus, molecular graphs including all non-planar ones fall into
the class of linear graphs which are those graphs whose edge numbers are linearly
bounded in the number of vertices;

2.2 Retrieval

Retrieval requires comparison of one structure, the query structure, against all
structures stored in a combinatorial library and reporting of all approximate
matches. The typical size of a combinatorial library may be several hundred en-
tries but this size can easily increase to several hundred thousands. Each struc-
ture may consist of an unbounded number of atoms with few hundreds of atoms
being no exception.

A variant of the approximate retrieval problem is substructure retrieval.
Therefore, all library compounds are to be retrieved which are a superstruc-
ture of the query structure, i.e. which contain the query. Again, this inclusion
relation is understood in an approximate sense. The construction of the query
compound is left to the user in all cases.

2.3 Related Work

A plethora of so-called indices has been suggested for the description of molecular
similarity [5], [20]. An index is a real number assigned to each compound with
a smaller distance corresponding to higher similarity. In this respect structure
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retrieval is related to case based reasoning which can be considered to consist
of the four components vocabulary, case base, similarity measure and solution
adaptation [18].

The assignment of numbers by molecular indices is typically degenerate
meaning that different compounds receive the same value. One of the earliest
indices was the Wiener index which amounts to the sum of the lengths of short-
est paths between all vertex pairs [11]. Other indices are the Balaban index and
the Hosoya index [19] which is based on the adjacency matrix of the molecular
graph. Similar indices are based on the cyclic structure of a molecule [6].

Instead of encoding each compound by one value, the compound may be
encoded by matrices such as the adjacency matrix, distance matrix, the detour
matrix etc. These exhibit a high degree of non-degeneracy but are quadratic in
the number of atoms of the compound.

In another line of approaches, similarity is addressed by descriptors or fea-
tures of almost any kind [10]. A descriptor amounts to the occurrence of cer-
tain substructures, bond types etc. Substructure consideration is motivated by
chemical activity often being attributed to certain parts, the so-called functional
groups of a molecule. The number of descriptors is variable but should be identi-
cal for all compounds of one library. The particular set of descriptors may remain
undisclosed for certain data bases due to proprietary reasons. Similarity of com-
pounds is measured by the distance between descriptors. Distance is understood
as Euclidean distance, Hamming distance or the Tanimoto distance in case of
binary descriptors, or one of the numerous variations thereof [9].

The most wide spread index seems to be Tanimoto index. This index is
computed for any two compounds A, Q with binary descriptor vectors
as where is the number of 1’s exclusive in is the
number of 1’s exclusive in and is the number of 1’s common to and

As an example, consider the description vectors and
The Tanimoto distance is

where and
Similarity retrieval based on descriptors is a feature of chemical data bases

such as Beilstein’s CrossFire 2000 [3] and others [1], [4]. Another descriptor based
system with several hundred features and (again) similarity assessment by the
Tanimoto index is Carol, see [17]. Unless encoded by a descriptor, no topological
information is considered.

3 Graph Similarity

3.1 Graph Voronoi Regions

Graph Voronoi regions are easily extended from planar geometry to undirected
and directed graphs, see [7] for the latter. Here, a version for labeled graphs
is required. The graph Voronoi region of a particular vertex or site vertex in
a molecular graph is given by all vertices of other types which have no larger
distance to the site vertex than to any other site vertex of the same type. To avoid
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trivial complications, the site vertex itself also belongs to its Voronoi region. The
graph Voronoi region of a vertex is formally defined by

and with

Graph Voronoi regions always form a cover of the molecular graph. A sample
of graph Voronoi regions is given in figure 1. Considering graph Voronoi regions

Fig. 1. Sample compound (left) and its overlay with the graph Voronoi regions of the
three oxygon atoms (right). Multiple bonds are not considered for distance computa-
tions. The carbon and the hydrogen atom in the intersection of the two upper regions
have the respective distances 2 and 3 from their site vertices.

provide for limiting the interaction between atoms as compared to considering
all vertex pairs of two distinct types. This is achieved by lists of path lengths.
The shortest path list or shortest path list of a Voronoi region with site
vertex of type is defined as increasingly sorted list of distances to
all vertices of type within the Voronoi region. Formally, the shortest
path list for Voronoi region is given by

where

1.

2.

3.

Whenever the vertex type does not occur in some Voronoi region the
shortest path list is set to be

Shortest path lists are illustrated for the compounds from figure 2 in the
following table. The oxygen atom refering to the last shortest path list is the
lower left oxygen atom in both cases. Its Voronoi region contains two hydrogen
atoms in the first case and only one in the second case.
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Fig. 2. The substance from figure 1 and a slight modification. Some graph Voronoi
regions and corresponding shortest path lists are different.

SPL(Na, Cl)
SPL(Cl, Na)
SPL(Na, O)
SPL(Cl, H)

First compound Second compound
6 7
6 7
1,5,6 1,5,6
4,5,5,6 4,5,5,5
1,3 3

Shortest path lists are now fused to lists of lists or second order lists. The
list of shortest path lists for any pair of distinct vertex types is given by

for all vertices of
type The shortest path lists of any list of lists are sorted by increasing
size and equally long lists are arranged in lexicographic order.

The list of shortest path lists for the (O,H) atoms and the (CL,O) atoms of
the foregoing two compounds consist of the following entries.

LSPL(O,  H)

LSPL(Cl, O)

First compound Second compound
3 3
1,3 1,3
3,3 3,3
1,4,5 1,4,6

3.2 Shortest Path Similarity

Molecular graphs are considered as similar if all their lists of shortest path lists
are identical. Formally, two molecular graphs are shortest path similar
or similar if                              for all pairs of distinct atomar
types

Two isomorphic molecular graphs have identical Voronoi regions and, conse-
quently, are similar but similar molecules need not be isomorphic as indicated
by figure 3. The presence of only two types of atoms implies that there are only
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Fig. 3. o-xylene (left) and m-xylene (right). Multiple bonds are ignored.

two lists of shortest path lists. Each second order (hydrogen,carbon) list contains
ten entries of “ 1”. The second order (carbon,hydrogen) lists are as follows.

LSPL(C, H)
o-xylene
0
0
1
1
1
1
1,1,1
1,1,1

m-xylene
0
0
1
1
1
1
1,1,1
1,1,1

The two carbon atoms from the benzene ring which connect to the methyl groups
have no hydrogen atom in their Voronoi regions. Thus, the shortest path lists of
these atoms consist of zero entries.

3.3 Voronoi Regions and Shortest Path Lists

The graph Voronoi regions for all vertices and all their shortest path lists can be
computed by a single run of a many to many version of the Dijkstra algorithm
[15]. Each Voronoi region is therefore represented by its shortest path tree.
This tree is rooted at the site vertex of the Voronoi region and specifies one
shortest path to any of its vertices. The subsequent algorithm computes all
Voronoi regions and all shortest path lists for all site vertices of a selected type

VorList

1. Input
Initialization. Set

and
and

L = V,
and
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2.

3.

While do
a)  Selection of
b)
c) List receives entry at the tail
d) with do

if then
i.
ii.

iii.
Output graphs of specified by shortest paths

in forward notation
Output shortest path lists and with leading
0 removed in all lists with additional entry.

The value denotes the length of a best path found so far from any of the
site vertices to vertex The successor list of any vertex denotes the set
of those vertices which lie immediately behind on a best path found so far.

The forward notation of paths instead of the usual backward notation by the
Dijkstra algorithm applies since all edges contribute equal values to the path
lengths. The shortest path lists are increasingly sorted, because the minima of
the function as computed in step 2(a) increase with iterations.

The foregoing algorithm can be used to compute shortest path lists without
the graphs of the Voronoi regions. This is obtained by omitting the successor
lists in the initialization and by omitting step 2(d) ii.

A straightforward implementation of the algorithm VorList runs in
time because all molecular graphs are linear. The bound can be improved to

if the labels are arranged in a heap. This heap is computable
in time the minimum in step 2(a) can be retrieved in and
a constant number of updates in step 2(d) i can be made in as well.
Step 2 is iterated times.

All second order lists can be computed according to the following procedure
which simply runs algorithm VorList for all atomar types.

AllVorList
1.
2.

3.

Input
For all do
Compute shortest path lists and
with
Arrange shortest path lists to second order lists for all pairs
of distinct values

Procedure AllVorList can be guaranteed to run in time
and the bound reduces to when the complexity of each
execution of the second step is reduced to

The space requirement of all second order lists has a worst case bound of
This bound is quadratic only because of potential overlaps of the Voronoi

regions. The size of all second order lists is if all Voronoi regions are pairwise
disjoint.
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3.4 Screening

A library of molecular graphs can now be readily
screened for a query substance G. The molecular graphs have ele-
ments. The set of all atomar types that actually occur in the library is indicated
by

Any library can be preprocessed so that all second order lists of each molecu-
lar graph are available at run time. Then, only the second order lists of the query
substance need to be computed. The remainder is mere list comparison. The re-
sulting algorithm which screens the library compound by compound is as follows.

Screen

1.

2.

3.

Input query substance G.
Initialization. Computation of

For do
If then

if then

Output similarity list Sim(G).

The function sumformula(·) in step 2 denotes the sum formula of a molecule.
The output list contains all library compounds that are shortest path similar to
the query compound. As this similarity notion is relational only, it does not yield
similarity values.

4 Scaling Similarity

4.1 Voronoi Matrices

The notion of shortest path similarity can be scaled to be less discriminative
but to allow a larger domain of comparisons. In particular, comparability of
compounds that contain atoms of different atomar types becomes feasible. This
is achieved by taking average values of all shortest path lengths that constitute
second order lists of Graph Voronoi similarity.

The Voronoi distances between atoms of distinct types are
given for any molecular graph G by
in case and In all other cases the Voronoi distance is
defined to be zero. The list is derived from the second order list

by elimating all repetitions of entries that occur due to overlapping
Voronoi regions sited at atoms of type

For example, the second order list LSPL(O, H) with respect to figure 1 has
the five entries 3,1,3,3,3, comp. the last table in sction 3.1. But the reduced
second order list LSPL*(O, H) has only the four entries 3,1,3,3. One distance
value 3 is elimated because the top center H-atom appears in two Voronoi regions
for
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4.2 Voronoi Matrix Similarity

The Voronoi distances can be arranged in a matrix called the Voronoi matrix of
a molecular graph G. This matrix is given by

These matrices are quadratic but unsymmetric in general. The distance between
two molecular graphs can now be defined by the distance between two matrices.
Here, we define the Voronoi distance between two molcules as

The 1-norm of a matrix is the maximum of column sums over absolute
entries. Noteworthy, this is not a distance in the strict sense, but it serves as a
measure denoting the distance between some query compound and each of the
library compounds.

Instead of the 1-norm, the (maximum of row sums of absolute en-
tries) and the Frobenius-norm (square root of sum of all squared entries) can
be applied, see [12] for matrix norms. Two molecular graphs which are shortest
path similar obviously have Voronoi distance zero, but the converse need not be
true.

Voronoi matrix similarity is now defined in the obvious way. A molecular
graph is more similar to a molecular graph G than another molecular garph

if

4.3 Screening

Screening a library for Voronoi matrix similarity amounts to sorting the
Voronoi matrix distances to the query compound. Since the query compound is
comparable to all library compounds, all compounds are considered as “hits”
and the crux lies in the distance values.

ScreenVMS

1.

2.
3.

Input query substance G.
Initialization. Computation of Voronoi matrix

Sort VS(G) according to increasing values of
Output sorted Voronoi similarity list VS(G).

This screening process allows various modifications such as cutting off all
compounds whose distance from the query compound exceeds some externally
given absolut threshold value. As an alternative, cutting off can be defined to
retain only a small fraction of, for example, 5% of the library entries and sorting
these.
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5 Substructures

5.1 Distance Patterns

Instead of retrieving approximately similar compounds, all compounds may be
searched for which contain the query compound. This problem is called substruc-
ture retrieval. Again, this retrieval problem is posed in an approximate sense.
The essential means therefore is that of a distance pattern. A distance pattern is
a shortest path matrix of a certain feature or descriptor. The concept is explained
as follows.

The descriptors admitted for distance patterns are single atoms and specific
functional groups. All occurrences of one functional group in a molecule must
be free of vertex overlaps. For functional groups that appear more than once,
the lengths of shortest paths between all occurrences are considered. A super-
structure must have at least as many occurrences of the functional group as the
query compound. A query compound with a sample descriptor and entries of
the distance pattern are given in figure 4. A distance pattern can be represented
by a complete graph with edge labels. For the query from figure 4 this graph is
sketched in figure 5.

Fig. 4. Query structure with COOH as functional group. The distance pattern consists
of the values 6,8,10.

Fig. 5. Representation of the distance pattern from figure 4 by labeling the complete
graph over three vertices.
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5.2 Retrieval

Substructure retrieval searches for all superstructures whose distance patterns
approximately cover the distance pattern of the query. Approximate coverage
of a distance pattern is understood in the sense of the query distance pattern
receiving the closest approximation by selections from the superstructure can-
didate. The only requirement is that the descriptor occurs as least as often in a
superstructure candidate as in the query. A sample situation is given in figure 6.

Fig. 6. Distance pattern of query (left) and distance pattern of a superstructure can-
didate (right). No selection of three vertices from the superstructure candidate is iso-
morphic to the query distance pattern. But the best selection of a complete subgraph
with three vertices is considered as approximate cover of the original distance pattern.

Approximate coverage of distance patterns is formulated similar to classical
best approximation problems. The best approximation of a complete labelled
graph with vertex set and distance matrix D(.,.) by some

is given as an invertible function solving the minimal matrix
distance problem

Feasible norms again include the Lebesgue norms and the Frobenius norm. The
Lebesgue norms and lead to the same values since distance patterns are
symmetric matrices.

The best approximation for the situation from figure 6 is given by the function
with vertex being unattained. The

resulting minimum matrix distance is as follows

larger complete graph with vertex set and distance matrix
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The best approximation is the same in this example irrespective of 1-norm, the
or the Frobenius norm being used.

The best approximation problem can be solved by enumeration which
is finite here. A faster, approximate computing scheme makes approximate
coverage decisions by distance lists instead of distance matrices. The idea is a
greedy procedure that traverses the smaller graph vertex-wise. The procedure
assigns a minimum distance vertex from the yet unused part of the larger
graph to each vertex of the yet unused part of the smaller graph. Distances
are computed as vector distances between distance lists. Iterative selections
are performed until each vertex of the smaller graph has received an assign-
ment. This results in the subsequent procedure for which details are given in [14].

AppCov

1.

2.

3.

Input complete graph with vertex set and distance
matrix D(·, ·)

complete graph with vertex set and distance
matrix
Initialization. A = V, B = W.
While do
a) Computation of

for all with
b) Selection of
c)
d)
e)
Output and

All distance lists in step 2 are increasingly sorted and the projections
denote selections of out of values. Once distance lists are sorted, all selections
needed to be considered are fixed length intervals of consecutive values. Only a
linear number of these, namely exist. A rough upper bound on the run
time of algorithm AppCov is The average time complexity
can be expected to be much lower if many of the recomputations in step 2 (a)
can be avoided.

The foregoing algorithm is not ensured to find the best approximation even
if the best approximation is unique with minimum matrix distance zero. But the
best approximation is found if there is a unique choice with error zero in each
iteration of the second step.

5.3 Approximate Screening

Screening the library with distance patterns for super-
structures can now be accomplished by the following procedure.
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ScreenApproxSuper

1.

2.

3.

Input query substance G and descriptor.
Initialization. Computation of

For do
If descoccur then
Sort AS(G) by increasing distances
Output sorted superstructure list AS(G).

The functions are the subisomorphism found by algorithm AppCov when
applied to the distance pattern of G and to the distance pattern of any qualifying
compound as larger complete graph. The size of the output of the algorithm
ScreenApproxSuper can be reduced by setting a threshold value that limits
the matrix distance between query and library compounds.

The given approach can extended to allow for multiple descriptors in a
straightforward way. First, a list is generated that contains all compounds in
which each of the descriptors occurs at least as often as in the query pattern.
This list is computed by sequentially thinning out lists according to the descrip-
tor occurrence criterion. Then, the final list is sorted according to increasing
sums of matrix distances with the sums being taken over all descriptors. When
considering several instead of a single distance pattern, some descriptors are
allowed to occur only once or even not at all in the query.
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Abstract. This paper is on the automation of knowledge-intensive tasks in en-
gineering domains; here, the term “task” relates to analysis and synthesis tasks,
such as diagnosis and design problems.

In the field of Artificial Intelligence there is a long tradition in automated problem
solving of knowledge-intensive tasks, and, especially in the early stages, the search
paradigm dictated many approaches. Later, in the modern period, the hopelessness
in view of intractable search spaces along with a better problem understanding led
to the development of more adequate problem solving techniques.

However, search still constitutes an indispensable part in computer-based diag-
nosis and design problem solving—albeit human problem solvers often gets by
without: “Engineers don’t search” is my hardly ever exaggerated observation from
various relevant projects, and I tried to learn lessons from this observation. This
paper presents two case studies.

1.

2.

Diagnosis problem solving by model compilation. It follows the motto:
“Spend search in model construction rather than in model processing.”

Design problem solving by functional abstraction. It follows the motto:
“Construct a poor solution with little search, which then must be repaired.”

On second sight it becomes apparent that the success of both mottos is a
consequence of untwining logic-oriented reasoning (in the form of search and
deduction) and approximation-oriented reasoning (in the form of simulation).

Keywords: Model Construction, Search, Diagnosis, Design Automation

1 Automating Knowledge-Intensive Tasks

“How can knowledge-intensive tasks such as the diagnosis or the design of complex
technical systems be solved using a computer?”

A commonly accepted answer to this question is: “By operationalizing expert knowl-
edge!” And in this sense, the next subsection is a hymn to the simple but powerful, as-
sociative models in automated problem solving. Engineers don’t search,1 and computer
programs that operationalize engineer (expert) knowledge have been proven successful
in various complex problem solving tasks.

1 Which also means: “Experts don’t search”, or “need less search” (during problem solving).

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 120–137, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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A second, also commonly accepted answer to the above posed question is: “By means
of search!” This answer reflects the way of thinking of the modern AI pragmatist, who
believes in deep models and the coupling of search and simulation. Deep models, or,
models that rely on “first principles” have been considered the worthy successor of the
simple associative models [6, 9]; they opened the age of the so-called Second Generation
Expert Systems [8, 37]. In this sense, Subsection 1.2 formulates diagnosis and design
problems as instances of particular search-plus-simulation problems.

Though the search-plus-simulation paradigm can be identified behind state-of-the-
art problem solving methodologies [2,14], many systems deployed in the real world are
realized according to simpler associative paradigms (cf. [4,5,24,28,32,34], to mention
only a few). As a source for this discrepancy we discover the following connection: The
coupling of search and simulation is willingly used to make up for missing problem
solving knowledge but, as a “side effect”, often leads to intractable problems.

Drawing the conclusion “knowledge over search” is obvious on the one hand, but
too simple on the other: Among others, the question remains what can be done if the
resource “knowledge” is not available or cannot be elicited, or is too expensive, or must
tediously be experienced? Clearly, expert knowledge cannot be cooked up—but we
learn from human problem solvers where to spend search effort deliberately in order to
gain the maximum impact for automated problem solving. The paper in hand gives two
such examples: In Subsection 1.3 we introduce the principles of “model compilation”
and “functional abstraction” to address behavior-based diagnosis and design problems.
These principles are fairly different and specialized when compared to each other; inter-
estingly, common to both is that they develop from the search-plus-simulation paradigm
by untwining the roles of search and simulation. In this way they form a synthesis of the
aforementioned paradigms.

The Sections 2 and 3 of this paper outline two case studies from the field of fluidic
engineering, which illustrate how the proposed principles are put to work.

1.1 Thesis: Knowledge Is Power2

Human problem solving expertise is highly effective but of heuristic nature; moreover, it
is hard to elicit but rather easy to process [21]. E. g., a simple but approved formalization
of diagnosis knowledge are associative connections:

where the and denote certain observations and a diagnosis respectively. Likewise,
successful implementations of design algorithms don’t search in a gigantic space of
behavior models but operate in a well defined structure space instead, which is spanned
by compositional (left) and taxonomic relations (right):

where the denote components, i. e., the associations describe a decomposition hier-
archy in the form of an And-Or-graph. Another class of design algorithms employ the

2 This famous phrase is often attributed to Edward A. Feigenbaum, though he did not originate
the saying.
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Fig. 1. A generic scheme of model-based diagnosis: Given is the interesting system S, which
defines a space of faulty systems, and a set of observations OBS. On a computer, is represented
as a model space, wherein a model M* is searched whose simulation complies with OBS.

case-based reasoning paradigm retrieve-and-adapt, an advancement of the classical AI
paradigm generate-and-test [22, 30, 31]:

which states that the known solution for a demand set can be used (adapted) to
satisfy a demand set if and are similar.

1.2 Antithesis: Search Does All the Job

Preliminaries. Let S be a system. In accordance with Minsky we call M a model of
S, if M can be used to answer questions about S [25]. M may establish a structural, a
functional, an associative, or a behavioral model. In this paper the focus is on behavioral
models, which give us answers to questions about a system’s behavior.

A search problem is characterized by a search space consisting of states and operators.
The states are possible complete or partial solutions to the search problem, the operators
define the transformation from one state into another. Here, in connection with behavior-
based diagnosis and design problems, the search space actually is a model space. It is
denoted by The model space is only defined implicitly; it comprises all models that
could be visited during search.

Diagnosis Problem Solving. Starting point of a diagnosis problem is a system S along
with as set of observations OBS. The observations are called symptoms if they do
not coincide with the expected behavior of S. Performing diagnosis means to explain
symptoms in terms of misbehaving components, that is, to identify a system S* in a space

of faulty systems that will exhibit OBS. A model-based diagnosis algorithm performs
this search in a model space which contains—at the desired level of granularity—
models that correspond to faulty systems in  The objective is to identify a model

whose simulation produces a behavior that complies with OBS. Figure 1
illustrates the connections.
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Fig. 2. An generic scheme of design problem solving: Given is a space of possible design
solutions and a set of demands D. On a computer, is represented as a model space, wherein
a model M* is searched whose behavior fulfills D.

Several model-based diagnosis approaches, such as the GDE, GDE+, or Sherlock
base on such a simulation cycle. Their search in is highly informed since they exploit
the underlying device topology for hypotheses generation.3 Adopting the notation of
Reiter, model-based diagnosis can be formalized as follows [29]:

where SD is a logic-based formulation of COMPS denotes a set of symbols that
represent the components of the system S, denotes the broken compo-
nents, and AB is a special predicate that indicates whether or not a component is working
abnormally. Stipulating Occam’s razor, a diagnosis algorithm determines a diagnosis
as the solution of the following optimization problem:

Design Problem Solving. Starting point of a design problem is a space of possible
design solutions along with a set D of demands. Solving a design problem means to
determine a system that fulfills D. Typically, S* is not found by experimenting
in the real world but by operationalizing a virtual search process after having mapped the
system space, onto a model space, It is the job of a design algorithm to efficiently
find a model whose simulation produces a behavior that complies with D and
which optimizes a possible goal criterion. Figure 2 illustrates the connections.

Compared to the previous diagnosis scheme, the model space of a design problem is
usually orders of magnitude bigger. This is also reflected by the following formalization:

3 Model-based diagnosis approaches can be further characterized in the way simulation is con-
trolled, fault models are employed, dependencies are recorded, measurement points are chosen,
or failure probabilities are utilized [17, 11, 12, 42].
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where SD is a logic-based formulation of the behavior of all components in COMPS
denotes the actually selected components, PARAMS their parameterization, and TOP
defines the topology, i.e., how the selected components are connected to each other.
The complexity of a design problem depends on the degrees of freedom in the search
process: Within a configuration problem merely COMPS is to be determined, whereas
in a behavior-based design problem the components need to be parameterized and yet
the system structure is to be found such that is satisfiable.

The outlined diagnosis and design schemes are inviting: Giving a mapping from sys-
tems to models can be stated straightforwardly in engineering domains—
the related analysis or synthesis problem can be solved by the search-plus-simulation
paradigm. As already mentioned at the outset, many successful implementations of
diagnosis and design systems do not follow this paradigm. They contain an explicit rep-
resentation of an engineer’s problem solving knowledge instead, say, his or her model
of expertise. A problem solver that has such knowledge-based models at its disposal
spends little effort in search—a fact which makes these models appearing superior to the
deep models used in the search-plus-simulation paradigm. On the other hand, several
arguments speak for the latter; a compelling one has to do with knowledge acquisi-
tion: In many situations it is not feasible for technical or economical reasons to acquire
the necessary problem solving knowledge to operationalize tailored models of exper-
tise.4 Remarkably, de Kleer actually concludes: “ Knowledge isn’t power. Knowledge is
evil.” [10].

1.3 A Synthesis: Untwine Search and Simulation

The purpose of this subsection is twofold: It annotates problems of the search-plus-
simulation paradigm, and it introduces two advancements of this principle: model com-
pilation and functional abstraction. Here, the former is applied to diagnosis problem
solving, while the latter is used to tackle a design problem.5 Within both principles
search as well as simulation still play central roles. However, compared to the search-
plus-simulation paradigm, the simulation step is no longer integral part of the search
cycle, say, search (logic-oriented reasoning) and simulation (approximation-oriented
reasoning) are untwined.

Model Compilation. The search-plus-simulation paradigm in model-based diagnosis
enables one to analyze a system for which no diagnosis experience is available or which
is operated under new conditions [17]. On the other hand, for complex technical systems
model-based diagnosis needs excellent simulation capabilities, because the goal driven
reasoning process requires inverse simulation runs (from observations back to causes)
to efficiently cover all symptoms [14, 11]. Still more problematic are the following
limitations:

4

5

Other advantages bound up with this paradigm are: the possibility to explain, to verify, or to
document a reasoning process, the possibility to reuse the same models in different contexts,
the extendibility to new device topologies, or the independence of human experts.
This correspondence is not obligatory; in [39] a configuration tool of a large telecommunication
manufacturer is described, wherein model compilation provides a key technology.
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Fig. 3. Model compilation untwines logic-oriented and approximation-oriented reasoning: Simu-
lating the model of a system in various fault modes yields a simulation data base from which a
rule-based model is constructed.

1.

2.
3.

In domains with continuous quantities the classification of values as symptoms is
ambiguous [23].
Long interaction paths between variables result in large conflict sets.
Many technical systems have a feedback structure; i. e., cause-effect chains, which
are the basis for an assumption-based reasoning process, cannot be easily stated.

A promising strategy in this situation is the compilation of an associative model
from the given model of first principles, which is achieved as follows: By simulating
the model of first principles in various fault modes and over its typical input range a
simulation database is built up. Within a subsequent search step, a rule-based model

is constructed from      where long cause-effect chains are replaced with weighted
associations and which is optimized for a classification of the fault modes. In this way the
simulation and the search step form a preprocessing phase, which is separated from the
phase of model application, i. e., the diagnosis phase. Figure 3 illustrates the principle.

Compiled models have a small computational footprint. As well as that, model com-
pilation breaks feedback structures, and, under the assumption that all observations have
already been made, an optimum fault isolation strategy can be developed [41]. Section 2
outlines a model compilation application in the fluidic engineering domain.

Functional Abstraction. The search-plus-simulation paradigm has also been suggested
as a fundamental problem solving strategy for design tasks.6 While the role of simulation
is like in the diagnosis task above, namely, analyzing a model’s behavior, does the
reasoning situation raise another difficulty: Applying just search-plus-simulation renders
real-world design tasks intractable, because of the mere size of the related model space

As already indicated, the lack of problem solving knowledge (here in the form of
design rules) forces one to resort to the search-plus-simulation paradigm. Again, model
compilation could be applied to identify underlying design rules, but, this is tractable
only for medium-sized configuration problems [39]. Moreover, the complexity problem,
which is caused by the size of is not eased but only shifted to a preprocessing phase.

If search cannot be avoided, one should at least ensure that search effort is spent
deliberately. In this situation we learn from the problem solving behavior of engineers:

6 Gero, for example, proposes a cycle that consists of the steps synthesis, analysis, and eval-
uation. Sinha et al. present a framework to implement simulation-based design processes for
mechatronic systems [27, 35].
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Fig. 4. The paradigm of functional abstraction applied to design problem solving. Observe that
logic-oriented reasoning (search) has been decoupled from approximation-oriented reasoning
(simulation + repair): The former is used to find a structure model the latter is used to repair
a suboptimum raw design.

1.

2.

3.

Engineers solve a design problem rather at the level of function than at the level of
behavior, accepting to miss the optimum.
Engineers rather adapt a suboptimum solution than trying to develop a solution from
scratch, accepting to miss the optimum.
Engineers can formulate repair and adaptation knowledge easier than a synthesis
theory.

Putting together these observations one obtains the paradigm “Design by Functional
Abstraction”, which is illustrated in Figure 4.7 Put it overstated, the paradigm says: At
first, we construct a poor solution of a design problem, which then must be repaired.

Key idea of design by functional abstraction is to construct candidate solutions
within a very simplified design space, which typically is some structure model space.
A candidate solution, is transformed into a preliminary raw design, by locally
attaching behavior model parts to The hope is that can be repaired with reason-
able effort, yielding an acceptable design M*. Design by functional abstraction makes
heuristic simplifications at two places: The original demand set, D, is simplified toward
a functional specification F (Step 1), and, is transformed locally into (Step 3).
Section 3 presents an application of this paradigm.

2 Case Study I. Diagnosis Problem Solving by Model
Compilation

The fault detection performance of a diagnosis system depends on the adequateness of
the underlying model. Model compilation is one paradigm for constructing adequate
models; the model-based diagnosis paradigm, either with or without fault models, pro-
vides another. Under the latter, the cycle of simulation and candidate discrimination is
executed at runtime, while under the compilation paradigm it is anticipated in a prepro-
cessing phase (see Figures 1 and 3). Reasoning with compiled diagnosis models is similar

The first three steps of this method resemble syntax and semantics (the horseshoe principle) of
the problem solving method “Heuristic Classification”, which became popular as the diagnosis
approach underlying MYCIN [7].

7
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to associative diagnosis; however, the underlying model in an associative system is the
result of a substantial model formation process. By contrast, model compilation pursues
a data mining strategy and aims at an automatic acquisition of associative knowledge
[36].

The idea to derive associative knowledge from deep models has been proposed
among others in [37]. Moreover, with respect to fault detection and isolation (FDI),
measurement selection, and diagnosability a lot of research has been done. A large part of
this work concentrates on dynamic behavior effects, which are not covered here [15,26].
Nevertheless, since the compilation concept focuses on search space and knowledge
identification aspects it can be adapted to existing FDI approaches as well.

Fig. 5. Diagrams of two medium-sized hydraulic circuits and a photo of the hydraulically operated
Smart Tower.

2.1 Hydraulic Systems and Their Components

In this section, as well as in Section 3, the field of hydraulic engineering serves us as
application domain. Hydrostatic drives provide advantageous dynamic properties and
represent a major driving concept for industrial applications. They consist of several
types of hydraulic building blocks: Cylinders, which transform hydraulic energy into
mechanical energy, various forms of valves, which control flow and pressure of the
hydraulic medium, and service components such as pumps, tanks, and pipes, which
provide and distribute the necessary pressure and flow Q. Figure 5 (left-hand side)
shows two medium-sized examples of circuits we are dealing with.

Component Faults and Fault Models. A prerequisite for applying model compilation
for diagnosis purposes is that components are defined with respect to both their normal
and their faulty behavior. Below, such a fault model is stated exemplary for the check
valve. Typical check valve faults include jamming, leaking, or a broken spring. These
faults affect the resistance characteristic of the valve in first place (cf. Table 1).

Other fault models relate to slipping cylinders due to interior or exterior leaking,
incorrect clearance or sticking throttle valves, directional valves with defect solenoid or
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contaminated lands, and pumps showing a decrease in performance. For all fault models,
a deviation coefficient is modeled as a continuous random variable which defines the
distribution of the fault seriousness.

2.2 Construction of a Compiled Model

We construct a compiled model for a system S in five steps. Within the first step a
simulation data base is built, which is then successively abstracted towards a real-
valued symptom data base a symbolic interval data base an observer data base

and, finally, a rule set which represents the heuristic diagnosis model.8

Simulation. Behavior models of hydraulic systems are hybrid discrete-event/continuous-
time models [3]. The trajectories of the state variables can be considered as piecewise
continuous segments, called phases. The discrete state variables such as valve positions,
relays, and switches are constant within a phase, and in between the phases one or more of
them changes its value, leading to another mode of the system. The continuous variables

such as pressures, flows, velocities, or positions are the target of our learning process;
they form the set Z. The phase-specific, quasi-stationary values of the variables in Z are
in the role of symptoms, since abrupt faults can cause their significant change.

Let S be a system, let D be a set denoting the interesting component faults in S, and
let be the related space of models. I. e., includes the interesting faulty models
with respect to D as well as the correct model of S. The result of the simulation step is a
data base which contains samples of the vector of state trajectories drawn during the
simulation of the models in

Symptom Identification. For each fault simulation vector in the deviations of its state
variables to the related faultless simulation vector is computed. The computation is based
on a special operator which distinguishes between effort variables and flow vari-
ables. The former are undirected, and a difference between two values of this type is
computed straightforwardly. The latter contain directional information, and their differ-
ence computation distinguishes several cases. Result of this step is the symptom data
base of

Interval Formation. The symptom vectors in are generalized by mapping for each
the deviations onto intervals

with This is an optimization task where, on the one hand, the loss of

A detailed description of the compilation procedure can be found in [40].8
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discrimination information is to be kept minimum (the larger the better), while on
the other hand, constraints of measuring devices are to be obeyed (the smaller the
better). Observe that in this abstraction step the domain of real numbers is replaced by
a propositional-logical representation: For each state variable a new domain
of interval names is introduced, which map in a one-to-one manner onto the real-valued
intervals. The symbolic interval database that develops from by interval formation
is denoted by

Measurement Selection. By means of simulation, values are computed for all variables
in Z. In fact, restricted to a handful of measuring devices or sensors, only a small subset

can be observed at the system. Measurement selection means to determine the
most informative variables in Z—or, speaking technically, to place a set of observers
such that as many faults as possible can be classified. O is determined by analyzing for
each phase and for each variable the correlations between the symbolic intervals

and the set of component faults D. Our analysis generalizes the idea of hypothetical
measurements, which goes back on the work of Forbus and de Kleer. Let be the
set of selected observers according to this analysis; the database that emerges from the
symbolic interval database by eliminating all variables in Z \ O is called observer
database it is much smaller than However, its number of elements is unchanged,
i.e.,

Rule Generation. Within the rule generation step reliable diagnosis rules are extracted
from The rules have a propositional-logical semantics and are of the form

where the denote interval names and denotes a diagnosis. The semantics of r is
defined by means of two truth assignment functions, and

If I is the real-valued interval associated with the interval name and if is a
symptom observed at S, then and are defined as follows:

Note that the inference direction of these rules is reverse to the cause-effect com-
putations when simulating a behavior model: We now ask for symptoms and deduce
faults, and—as opposed to the simulation situation—this inference process must not be
definite. To cope with this form of uncertainty each rule r is characterized by (1) its
confidence which rates the logical quality of the implication, and (2) its relative
frequency, called “support” in the association rule jargon [1]. The rule generation step
is realized with data mining methods and yields the desired rule model

2.3 Experimental Analysis: Diagnosis with DÉJÀVU

Diagnosing the system S means to process the rule model subject to the observed
symptoms. For the operational semantics of the rules’ confidence and support values
we employ the formula below, which computes for each fault its confidence in



130 B. Stein

given a rule model and a truth assignment The formula combines the
highest achieved confidence with the average confidence of all matching rules:

of observers basis were more than 2000 variations of different compo-
nent faults. The results were achieved with automatically constructed rule models
that have not been manually revised. The right-hand side of Figure 6 shows the average
number of rules in as a function of

Fig. 6. The table shows the fraction of classified faults depending on the observer number
“exact” stands for a unique fault prediction, “1 in 3” indicates a multiple prediction of two or three
components including the faulty one. The bar graph on the right shows the number of generated
rules, as a function of Dark bars indicate rules with a confidence value of 1, light bars
stand for confidence values greater than 0.5.

3 Case Study II. Design Problem Solving by Functional
Abstraction

Even for an experienced engineer, the design of a fluidic system is a complex and time-
consuming task, that, at the moment, cannot be automated completely. The effort for
acquiring the necessary design knowledge exceeds by far the expected payback, and,
moreover, the synthesis search space is extremely large and hardly to control—despite
the use of knowledge-based techniques.

Two possibilities to counter this situations are “competence partitioning” and “expert
critiquing”. The idea of competence partitioning is to separate the creative parts of a
design process from the routine jobs, and to provide a high level of automation regarding
the latter [38]. Expert critiquing, on the other hand, employs expert system technology to
assist the human expert rather than to automate a design problem in its entirety [18,13].

where denotes the matching rules with conclusion and denotes a
rule of maximum confidence.

The outlined model construction process as well as the rule inference have been
operationalized within the diagnosis program DÉJÀVU [20]. For simulation purposes,
DÉJÀVU employs the FLUIDSIM simulation engine. The approach has been applied to
several medium-sized hydraulic circuits (about 20-40 components) with promising re-
sults. The table in Figure 6 shows the diagnosis performance depending on the number
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In this respect, design by functional abstraction can be regarded as a particular expert
critiquing representative.

Fig.7. Hydraulic design means to translate a demand description (left) to a circuit model.

3.1 Design in Fluidic Engineering

Taken the view of configuration, the designer of a fluidic system selects, parameterizes,
and connects components like pumps, valves, and cylinders such that the demands D
are fulfilled by the emerging circuit.9 Solving a fluidic design problem at the component
level is pretty hopeless. The idea is to perform a configuration process at the level of
functions instead, which in turn requires that fluidic functions possess constructional
equivalents that can be treated in a building-block-manner. In the fluidic engineering
domain this requirement is fairly good fulfilled; the respective building blocks are called
“fluidic axes”.

Figure 7 shows a demand description D (left) and a design solution M* in the
form of a circuit diagram that fulfills D. The circuit consists of two hydraulic axes that
are coupled by a sequential coupling. To automate this design process, so to speak, to
automate the mapping we apply the paradigm of functional abstraction (cf.
Figure 8 and recall Figure 4):

1.
2.

3.

4.

The demand specification, D, is abstracted towards a functional specification, F.
At this functional level a structure model according to the coupling of the fluidic
functions in F is generated.

is completed towards a tentative behavior model by plugging together locally
optimized fluidic axes; here, this step is realized by case-based reasoning.
The tentative behavior model is repaired, adapted, and optimized globally.

The following subsection describes the basic elements of this design approach, i. e.,
Step 2, 3, and 4.

The concepts presented in section have been verified in the hydraulic domain in first place;
however, they can be applied to the pneumatic domain in a similar way, suggesting us to use
preferably the more generic word “fluidic”. Again, a detailed description of the approach can
be found in [40].

9
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Fig. 8. The functional abstraction paradigm applied to fluidic circuit design.

Remarks. A human designer is capable of working at the component level, implicitly
creating and combining fluidic axes towards an entire system. His ability to automatically
derive function from structure—and vice versa: structure for function—allows him to
construct a fluidic system without the idea of high-level building blocks.

3.2 Elements of the Design Procedure

Design by functional abstraction rigorously simplifies the underlying domain theory.
Here, the tacit assumptions are as follows: (a) Each set of demands, D, can be translated
into a set of fluidic functions, F, (b) each function can be mapped one to one onto
a fluidic axis A that operationalizes (c) D can be realized by coupling the respective
axes for the functions in F, whereas the necessary coupling information can be derived
from D.

While the first point goes in accordance with reality, the Points (b) and (c) imply that
a function is neither realized by a combination of several axes nor by constructional
side effects. This assumption establishes a significant simplification.

Topology Generation. If the synthesis of fluidic systems is performed at the level of
function, the size of the synthesis space is drastically reduced. To be specific, we allow
only structure models that can be realized by a recursive application of the three coupling
rules shown in Figure 9. The search within this synthesis space is operationalized by
means of a design graph grammar [40], which generates reasonable topologies with
respect to the functional specification F. The result of this step is a structure model

defines a graph whose nodes correspond to fluidic functions and coupling types.

Case-Based Design of Axes. A structure model is completed towards a behavior
model by individually mapping its nodes onto appropriate subcircuits that represent
fluidic axes or coupling networks. Figure 10 shows five subcircuits each of which repre-
senting a certain fluidic axis. It turned out that the mapping of a fluidic function onto
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Fig. 10. Five fluidic (hydraulic) axes for different functions and of different complexity.

an axis can be accomplished ideally with case-based reasoning: Domain expert were
able to compile a case base of about seventy axes that can be used to cover a wide
spectrum of fluidic functions.

Speaking technically, an axis is characterized by the unit tasks it can carry out, such
as “hold pressure”, “fast drive”, “hold position”, etc. In order to valuate the similarity of
fluidic axes and functions, a measure was constructed that compares two sequences
of unit tasks respecting their types, order, distances, forces, and precision. Moreover,
since the axes that are retrieved from must be adapted to fulfill a desired we also
developed a case adaptation scheme that operationalizes engineering know-how in the
form of scaling rules. The result of this step, i. e., the composition of adapted fluidic axes
according to yields a preliminary design solution, the raw design

A Design Language for Repair. There is a good chance that a raw design has the
potential to fulfill D, say, that a sequence of repair steps can be found to transform
into a behavior model M*. An example for such a repair measure is the following piece
of design knowledge:

“An insufficient damping can be improved by installing a by-pass throttle.”
The measure encodes a lot of implicit engineering know-how, among others: (a) A by-
pass throttle is connected in parallel, (b) the component to which it is connected is a
cylinder, (c) a by-pass throttle is a valve. What is more, the above repair measure can
be applied to different contexts in a variety of circuits. To operationalize such kind of
knowledge, we developed a prototypic scripting language for fluidic circuit design.10 In
this place we will not delve into language details but refer to [33].

The research was part of the OFT-project, which was supported by DFG grants KL 529/7-1,2,3
and SCHW 120/56-1,2,3.

10

Fig. 9. The three allowed coupling types to realize a circuit’s topology.
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3.3 Experimental Analysis: Design Automation with ARTDECO-CBD

The outlined concepts have been embedded within the design assistant ARTDECO-CBD,
which is linked to a drawing and simulation environment for fluidic systems [19]. The
design assistant enables a user to formulate his design requirements as a set of fluidic
functions F. For an a sequence of unit tasks can be defined, where several
characteristic parameters such as duration, precision, or maximum values can be stated
for each unit task.

Clearly, the crucial question is “How good are the designs of ARTDECO-CBD?” A
direct evaluation of the generated models is restricted: an absolute measure that captures
the design quality does not exist, and the number of properties that characterizes a design
is large and hardly to quantify. On the other hand, the quality of a generated design can
be rated indirectly, by measuring its “distance” to a design solution created by a human
expert. In this connection, the term distance stands for the real modification effort that is
necessary to transform the computer solution into the human solution. The experimental
results presented in Table 2 report on such a competition.-11

Conclusion

The success of a diagnosis or design approach depends on the underlying model space—
say, its size, and the way it is explored. A tractable model space is in first place the result
of adequate models, which in turn are the result of a skillful selection, combination, and
customization of existing construction principles. Engineers don’t search because they
use adequate models. The challenge is to operationalize such models on a computer.

Especially when expert knowledge is not at hand, the combination of deep models,
simulation, and search is inviting because it promises high fidelity. On the other hand,
applying a search-plus-simulation paradigm entails the risk to fail completely because
of various reasons. This is not inevitable: The principles of model compilation and
functional abstraction exemplify how search and simulation can be combined to realize
problem solving strategies for complex diagnosis and design problems.

Test environment was a Pentium III system at 450 MHz with 128 MB main memory.11
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Abstract. There are many alternatives to handle discrete optimiza-
tion problems in applications. Problem-specific algorithms vs. heuristics,
exact optimization vs. approximation vs. heuristic solutions, guaranteed
run time vs. expected run time vs. experimental run time analysis. Here,
a framework for a theory of randomized search heuristics is presented. Af-
ter a brief history of discrete optimization, scenarios are discussed where
randomized search heuristics are appropriate. Different randomized se-
arch heuristics are presented and it is argued why the expected opti-
mization time of heuristics should be analyzed. Afterwards, the tools for
such an analysis are described and applied to some well-known discrete
optimization problems. Finally, a complexity theory of so-called black-
box problems is presented and it is shown how the limits of randomized
search heuristics can be proved without assumptions like This
survey article does not contain proofs but hints where to find them.

1 Introduction

For our purposes it makes no sense to look for the ancient roots of algorithmic
techniques. The algorithmic solution of large-scale problems was not possible be-
fore computers were used to run the algorithm. Some of the early algorithms of
this period like Dantzig’s simplex algorithm for linear programming from 1947
and Ford and Fulkerson’s network flow algorithm from 1956 based on impro-
vements along augmenting paths were quite successful. In the fifties and early
sixties of the last century one was satisfied when the algorithm was running ef-
ficiently – in most experiments. Nowadays, we know that the simplex algorithm
has an exponential worst-case run time and that small randomized pertubations
in the input turn all inputs into easy ones with respect to the input distribu-
tion based on the pertubation (Spielman and Teng (2001)). The first network
flow algorithm was only pseudo-polynomial. Now, we know of many polyno-
mial network flow algorithms. However, the original simplex algorithm still finds
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many applications and the best network flow algorithms use ideas of Ford and
Fulkerson.

Later, algorithm design was accompanied by a run time analysis. Many algo-
rithms have good worst-case run times. Randomized algorithms are often simp-
ler and faster than deterministic ones. The NP-completeness theory proves that
there are many important problems which are intractable – with respect to the
worst case run time (see Garey and Johnson (1979)). At the same time, appro-
ximation algorithms guaranteeing good solutions in short time were presented
and analyzed (see Hochbaum (1997)). All the experts believe that ant it
makes sense to argue under this hypothesis. In the seventies many people belie-
ved that we cannot solve NP-hard optimization problems for large instances. As
computers got faster, applications were showing that this belief is wrong. There
are problem-specific algorithms solving the “typical cases” of difficult problems
sufficiently fast. In most cases, it was impossible to describe the “easy instances”
for such algorithms. Nowadays, we have a tool-box of algorithmic techniques to
design such problem-specific algorithms. Among them are greedy algorithms, dy-
namic programming, branch-and-bound, relaxation techniques, and many more.
Randomized algorithms are now very common and even derandomization techni-
ques exist. The community working on the design and analysis of algorithms has
broadened its scope. The experimental tuning of algorithms named algorithm
engineering is part of this discipline. However, the community is still focused on
problem-specific algorithms.

Randomized search heuristics (RSH) in their pure form are algorithmic tech-
niques to attack optimization problems with one general strategy. They are heu-
ristics in a strong sense. Typically, they do not guarantee any (non-trivial) time
bound and they do not guarantee any quality of the result. Randomized local
search (RLS) is a member of this family of algorithms if it does not use problem-
specific neighborhoods. Simulated annealing (SA) and all kinds of evolutionary
algorithms (EA) (including evolution strategies (ES) and genetic algorithms
(GA)) are typical RSHs. The idea was to simulate some successful strategy of
engineering (annealing) or nature (evolution). The history of these RSHs dates
back to the fifties and sixties of the last century. Despite some early successes
they did not find so many applications before the late eighties since computers
were not fast enough. Nowadays, people in applications like these heuristics and
people in the algorithm community have ignored them for a long time. Indeed,
these RSHs were considered as the black sheeps in the algorithm community.
There were several reasons for this. RSHs were often claimed to be the best al-
gorithm for a problem which was wrong because of very clever problem-specific
algorithms. Arguments supporting in particular EAs were based on biology and
not on a run time analysis. So there were many “soft” arguments and the two
communities were using different languages. The approach to analyze RSHs like
all other algorithms is a bridge between the two communities and both of them
have started to use this bridge.

In this overview, we try to describe this approach. First, it is important
to discuss the scenarios where we recommend RSHs in their pure form. This is



140 I. Wegener

necessary to avoid many common misunderstandings, see Section 2. In Section 3,
we present the general form of a black-box algorithm and discuss some types of
SA and EA. As already described, we propose the run time analysis of RSHs. In
Section 4, we discuss what we expect from such an approach and compare this
approach with the other theoretical results on RSHs. In Section 5, we describe
the tool-box for the analysis of RSHs and, in Section 6, we present some results in
order to show that we can realize our goals – at least in some cases. In the classical
scenario, design and analysis of algorithms is accompanied by complexity theory
showing the limits of the algorithmic efforts. In Section 7, we argue that an
information-restricted scenario, namely the scenario of black-box algorithms,
can be used to prove some limits of RSHs. Since the available information is
limited, these limits can be proved without complexity theoretical hypotheses
like We finish with some conclusions.

2 Scenarios for the Application of Randomized Search
Heuristics

The first fact we have to accept is that no algorithmic tool will be the best
for all problems. We should not expect that some RSH will beat quicksort or
Dijkstra’s shortest path algorithm. Besides these obvious examples there are
many problems where the algorithm community has developed very efficient
algorithms. The following statement seems to be true in almost all situations.
If a problem has a structure which is understood by the algorithm community
and if this community has made some effort in designing algorithms for the
problem, then an RSH in its pure form will be worse with respect to its run time
and/or the quality of its results. Many people working on RSHs do not agree
with this statement. This is due to a misunderstanding. The statement argues
about RSHs in their pure form. If they have problem-specific components, they
can be competitive but then they are already hybrid algorithms combining ideas
from RSHs with problem-specific ideas. If such hybrid algorithms are possible,
one should consider them as alternative. For hybrid algorithms, it is difficult to
estimate whether the general idea of an RSH or a problem-specific module is the
essential part.

The question is whether there are scenarios where one should apply RSHs in
their pure form. We think of two such scenarios.

In many projects, optimization problems are subproblems and a good algo-
rithm has to be presented in short time. If no expert has considered the problem
before and if there are no experts in algorithm design in the project and if there
is not enough time and/or money to ask a group of experts, then an RSH can
be a good choice. In real applications, the small amount of knowledge about
the problem, should be used. RSHs have turned out to be a robust tool which
for many problems leads to satisfactory results. In this scenario, we expect that
better algorithms exist but are not available. In many applications, there is no
knowledge about the problem. As an example, think of the engineering problem
to “optimize some machinery”. The engineer can choose the values of certain
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free parameters and each choice “realizes a machine”. There exists a function
where is the quality of the machine Because of the

complexity of the application, the function is not known and has to be
estimated by an experiment or its simulation with a computer. Here, a problem-
specific approach is impossible and RSHs are a good choice.

Summarizing, there are scenarios where RSHs are applied in (almost) pure
form. Whenever possible, one should apply all available problem-specific know-
ledge.

3 How Randomized Search Heuristics Work

We consider the maximization of some function where S is a finite
(discrete) search space. The main difference between an RSH and a problem-
specific algorithm is the following. The RSH does not assume knowledge about

It may sample some information about by choosing search points
and evaluating Therefore, we may think of a black box containing and
the algorithm not knowing can use the black box in order to get the answer

to the query Hence, the general form of a black-box algorithm can be
described as follows.

The General Black-Box Algorithm (BBA)

The initial information is the empty sequence. In the tth step, based on
the algorithm computes a probability

distribution on S, chooses according to and uses the black box to obtain
If a stopping criterion is fulfilled, the search is stopped and a search point

with maximal is presented as result.

All known RSHs fit into this framework. Most often, they are even more
specialized. The information is considered as (unordered) multiset and not all
the information is kept in the storage. There is a bound on the number of
pairs which can be stored and in order to store the new pair
one has to throw away another one. This is called an RLS and SA
work with and, for EAs, usually is not very large.

If we need a search operator which produces a new search point
depending on the current search point and its Then we need a sel-

ection procedure which decides whether replaces RLS and SA restrict the
search to a small neighborhood of SA allows that worse search points replace
better ones. The special variant called Metropolis algorithms accepts with a
probability of for some fixed parameter called
the temperature, if and it accepts if SA varies T
using a so-called cooling schedule. This schedule depends on and we have to
store the point of time besides the search point. EAs prefer more global search
operators. A so-called mutation step on                  flips each bit independently
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with a probability its typical calue is Because of this global search ope-
rator EAs can decide to accept always the best search points (the so-called plus
strategy). The search points kept in the storage are called population and
it is typical to produce more than one search point before selecting those which
survive. These phases are called generations. There are many selection proce-
dures that we do not have to discuss in detail. If the population size is larger
than 1, we also need a selection procedure to select those search points (called
individuals) that are the objects of mutation. Finally, larger populations allow
search operators depending on more than one individual. Search operators wor-
king on one individual are called mutation and search operators working on at
least two (in most cases exactly two) individuals are called crossover or recom-
bination. This leads to many free parameters of an EA and all the parameters
can be changed over time (dynamic EAs for a fixed schedule and adaptive EAs
otherwise). In the most general form of self-adaptive EAs, the free parameters
are added to the search points (leading to a larger search space) and are changed
by mutation and recombination. The class of pure EAs is already large and there
is the freedom of adding problem-specific modules.

4 Arguments for the Analysis of the Expected
Optimization Time

Do we need a theory of RSHs? They are heuristics – so let us try them! There is
a common belief that a theory would improve the understanding of RSHs and,
therefore, the choice of the parameters and the application of RSHs. Theory is
contained in all the monographs on RSHs. The question is what type of theory
is the right choice. The following discussion presents the different types of theo-
retical approaches (with an emphasis on EA theory) and some personal criticism
in order to motivate our approach.

In general, we investigate a class of functions or, equivalently, a problem
consisting of a class of instances. Many RSHs are quite complex but even simple
variants like the Metropolis algorithm or a mutation-based EA with population
size 1 have a complex behavior for most problems. People in classical algorithm
theory design an algorithm with the aim that the algorithm is efficient and the
aim that they are able to prove this. Here, the algorithm realizes a general search
strategy which does not support its analysis. Thus, the analysis of RSHs has to
overcome different obstacles than classical algorithm analysis.

This has led many researchers to simplify the situation by analyzing a so-
called model of the algorithm. Afterwards, experiments “verify” the quality of
the model. This procedure is common in physics. There, a model of “nature” is
necessary since “reality” cannot be described accurately. An algorithm and, the-
refore, an RSH is nothing from nature but an abstract device made by humans.
It is specified exactly and, ignoring computer failures, we can analyze the “true
algorithm” and a model is not necessary. An analysis of the algorithm can give
precise results (at least in principle) and this makes a verification superfluous.
Moreover, the dimension of our “world”, namely the search space, is not limited.
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Experiments can tell us only something about those problem dimensions that
we can handle now. A theoretical analysis can give theorems for all

In order to handle large populations, people have studied the model of infi-
nite populations (described by probability vectors) which are easier to handle.
There are only few papers investigating the error of this model with respect to
a restricted population size and time (Rabani, Rabinovich, and Sinclair (1998)
and Ollivier (2003)).

An RSH is a stochastic process and one can study the dynamics of this
process. Such results are often on a high technical level but the results are hard
to interpret if we are interested in the process as an optimization algorithm.

There are also many papers analyzing quite precisely the result of one step
of the algorithm. How much do we improve the best known How close
(in distance in the search space) do we approach an optimal search point? The
complete knowledge of the one-step behavior is (in principle) enough to derive
the complete knowledge of the global behavior of the process. However, this
derivation is the hard step. As known from classical algorithm analysis, we should
be happy to understand the asymptotic behavior of algorithms and, for this, it
is not necessary to have a precise understanding of the one-step behavior. Well-
known concepts as schema theory or building block hypothesis have led people
to wrong conjectures about algorithms.

Finally, there are many papers proving the convergence of RSHs to the op-
timum. Without an estimate of the speed of convergence, these results are of
limited interest – at least in finite search spaces. Convergence is guaranteed ea-
sily if we store the best search point ever seen. Then an enumeration of the
search space suffices as well as a mutation operator giving a positive probability
to reach every search point.

Our approach is to analyze an RSH as any other randomized algorithm. The
only difference is that an RSH cannot know whether it has found an optimal
search point. In most applications, the stopping criterion is not a big problem.
Therefore, we investigate an RSH as an infinite stochastic process (without stop-
ping criterion) and analyze random variables of interest.

A typical example is the random variable describing the first point of time
where an optimal search point is passed to the black box. Its expected value is
called the expected run time or optimization time of the algorithm. In order to
analyze restart techniques, it is also interesting to analyze the success probability,
namely the probability of the event that the run time is bounded by some given
time bound. We have to be careful since we only count the number of search
points and, therefore, the number of and not the effort to compute
the search points. For most RSHs, this is a good measure. If one applies time-
consuming procedures to compute search points, one has to analyze also these
resources.
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5 Tools for the Analysis of Randomized Search Heuristics

As in classical algorithm analysis, one has to develop a good intuition how the
given RSH works for the considered problem. Then one can describe “typical
runs” of the RSH. They are approaching the optimum by realizing sequentially
certain subgoals. One tries to estimate the run time for reaching subgoal assu-
ming that subgoal has been realized. This can lead to a time bound
for Phase The aim is to estimate the error probability that Phase is
not finished within steps. The sum of all is an upper bound on the
probability that the run is not typical, e. g., that it takes longer than the sum of
all Obviously, the last subgoal has to be the goal to find an optimal search
point. Often it is possible to obtain exponentially small implying that even
polynomially many subgoals lead to an exponentially small error probability.
(See Jansen and Wegener (2001) for a typical application of this method.)

A related proof technique is to define an partition
of the search space, i. e. and imply

in the case of maximization and contains exactly the optimal
search points. Then one has to estimate the expected time of finding a
search point in some given that a search point in is known. Here
we have to assume that we never forget the best of the search points ever seen.

As already mentioned, the stochastic process P describing an RSH can be
quite complex. A simple and powerful idea (which typically is difficult to realize)
is to construct a stochastic process which is provably slower than P but
easier to analyze than P. In order to obtain good bounds, should not be
“much slower” than P. The notion slower can be defined as follows. A random
variable X is called not larger than if for all
The process P is not faster than if the random variable T describing a good
event for P is not larger than the corresponding random variable for (See
Wegener and Witt (2003) for a typical application of this method.)

Finally, it is not always the right choice to measure the progress of the RSH
with respect to the given function (often called fitness function) but with
respect to some pseudo-fitness function known in classical algorithm design as
potential function. Note that the algorithm still works on and is only used
in the analysis of the algorithm. (See Droste, Jansen, and Wegener (2002) for a
typical application of this method.)

During all the calculations, one needs technical tools from probability theory,
among them all the famous tail inequalities (due to Markoff, Tschebyscheff,
Chernoff, or Hoeffding). Other tools are the coupon collector’s theorem or results
on the gambler’s ruin problem.

Finally, we mention a special technique called delay sequence arguments.
This technique has been introduced by Ranade (1991) for routing problems and
has been applied only once for RSHs (Dietzfelbinger, Naudts, van Hoyweghen,
and Wegener (2002)). The idea is the following. If we expect that a stochastic
process is finished in time with large probability, we look for an event which
has to happen if the stochastic process is delayed, i. e., if it runs for more than
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steps. Then we estimate the probability of the chosen event. Despite of the
simplicity of the general idea, this method has been proven to be quite powerful.

Most RSHs apply in each step the same techniques of search and selection.
This implies that the same experiment is applied quite often. The experiments
are influenced by the available information but in many aspects these expe-
riments are independent or almost independent. Because of the large number of
experiments during a search or a subphase of a search, many interesting random
variables are highly concentrated around their expected values. This simplifies
the analysis and can lead to sharp estimates.

6 The Analysis of Randomized Search Heuristics on
Selected Problems

The analysis of the expected optimization time of RSHs is far behind the analysis
of classical algorithms. One reason is that the number of researchers in this area
is still much smaller and that they have started to work on this subject much
later. It will take several years until the research on the analysis of RSHs can
reach the status of classical algorithm analysis. Nevertheless, it is not possible to
give here an overview of all the results obtained so far. We discuss some results to
motivate the reader to take a closer look to the original papers and this section
has a focus on results obtained in our research group.

In order to build a bridge between the RSH community gathering in confe-
rences like GECCO, PPSN, CEC, and FOGA and the classical algorithm com-
munity gathering in conferences like STOC, FOCS, ICALP, STACS, SODA, and
ESA, we have tried to work on topics of the following kind:

solving open problems on RSHs discussed in the RSH community,
analyzing RSHs on functions which are considered as typical in the RSH
community,
analyzing RSHs on classes of functions described by structural properties,
and
analyzing RSHs on well-known problems of combinatorial optimization.

Concerning EAs, the American school (Holland (1975), Goldberg (1989),
Fogel (1995)) proposed GAs where crossover is the most important search ope-
rator and the European school (Rechenberg (1994), Schwefel (1995)) proposed
ESs merely based on mutation. Concerning combinatorial optimization, several
results have shown that mutation is essential. What about crossover? Even af-
ter 30 years of debates there was no example known where all mutation-based
EAs have a super-polynomial optimization time while a generic GA works in
expected polynomial time. Jansen and Wegener (2002), the conference version
appeared 1999, were the first to present such a result. The considered function
is quite simple but the analysis is complicated. Crossover can be useful only
between two quite different search points. Selection prefers good search points
which can decrease the diversity of the population. The GA which has been ana-
lyzed does not use special modules to preserve the diversity and one has to prove
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that the population nevertheless is diverse enough. This paper proves a trade-off
of super-polynomial versus polynomial. This has been improved in a later paper
(Jansen and Wegener (2001)) to exponential versus polynomial. This is due to
the definition of an artificial function which supports the analysis of the GA.

In this survey article, it does not make sense to introduce functions that have
been discussed intensively in the RSH community.

Each pseudo-boolean function can be described uniquely as
a polynomial

Its degree is the maximal where We can consider functions with
bounded degree. Degree-1 functions, also called linear functions, were investi-
gated in many papers. In particular, the expected run time of the (1+1) EA
(population size 1, mutations flipping the bits independently with probability

replacing by if in the case of maximization) was of in-
terest. Droste, Jansen, and Wegener (2002) have proved that the expected run
time is always and if weights are non-zero.
The proof applied the techniques of potential functions and the investigation of
slower stochastic processes.

The maximization of degree-2 or quadratic polynomials is NP-hard. Wegener
and Witt (2002) have investigated RSHs on certain quadratic functions. They
have proved that restart techniques can decrease the expected optimization time
from exponential to polynomial and they have presented a quadratic polynomial
where all mutation-based EAs are slow. Moreover, they have investigated the
case of monotone quadratic polynomials. A polynomial is called monotone if it
can be represented with non-negative weights after replacing some by
This allows that the polynomial is monotone increasing with respect to some
variables and monotone decreasing with respect to the other variables. Wegener
and Witt (2003) have generalized this approach to polynomials. For
RLS and the (1+1) EA with a small probability of flipping bits they have proved
an upper bound of which is optimal since there is a
corresponding lower bound for the sum of all
The proof of the upper bound is mainly based on the investigation of slower
stochastic processes.

Finally, there is some recent progress in the analysis of EAs on combinato-
rial optimization problems. Many earlier results consider RLS and some results
consider SA. Scharnow, Tinnefeld, and Wegener (2002) have shown that the
complexity of the problem depends on the choice of the corresponding fitness
function. The sorting problem is the best investigated computer science problem.
It can be considered as the problem of minimizing the unsortedness. There are
many measures of unsortedness known from the design of adaptive sorting al-
gorithms. E.g., we count the number of inversions, i.e., of pairs of objects in
incorrect order or we count the number of runs or, equivalently, the number of
adjacent pairs of objects in incorrect order. A variant of the (1+1) EA working



Randomized Search Heuristics as an Alternative to Exact Optimization 147

on the search space of all permutations can sort in expected time
using the number of inversions (and several other measures of unsortedness) but
it needs exponential time using the number of runs. The same effect has been
shown in the same paper for the single-source-shortest-paths problem. The se-
arch points are directed trees rooted at the source and, therefore, containing
paths to all other vertices. If the fitness is described by the sum of the lengths of
the paths from the source to all other vertices, each black-box search heuristic
needs exponential time while time is enough on the average if the fitness
is described by the vector containing all the path lengths.

The (1+1) EA is surprisingly efficient for the minimum spanning tree problem

weights bounded by the expected run time is bounded by

The maximum matching problem is more difficult for RSHs. There are ex-
ample graphs where SA (Sasaki and Hajek (1988)) and the (1+1) EA (Giel
and Wegener (2003)) need expected exponential time. In the latter paper it is
shown that the (1+1) EA is efficient on certain simple graphs. More important
is the following result. The (1+1) EA is a PRAS (polynomial-time randomized
approximation scheme), i. e., an approximation ratio of can be obtained in
expected polynomial time where the degree of the polynomial depends on
Due to the examples mentioned above this is the best possible result. The true
aim of search heuristics is to come close to the optimum, exact optimization is
not necessary.

7 Black-Box Complexity – The Complexity Theoretical
Background

The general BBA works in an information-restricted scenario. This allows the
proof of lower bounds which hold for any type of BBA. This theory based on
Yao’s minimax principle (Yao (1977)) has been developed and applied by Droste,
Jansen, and Wegener (2003). A randomized BBA is nothing but a probability
distribution on the set of deterministic BBAs. This is obvious although it can
be difficult to describe this probability distribution explicitly if a randomized
BBA is given. For a deterministic BBA storing the whole history it does not
make sense to repeat a query asked earlier. For a finite search space, the number
of such deterministic BBAs is finite. In many cases, also the set of problem
instances of dimension is finite.

In such a situation, Yao’s minimax principle states that we obtain a lower
bound on the expected optimization time of each randomized BBA by choosing
a probability distribution on the set of problem instances and proving a lower
bound on the average optimization time of each deterministic BBA where the
average is taken with respect to the random problem instance. The key idea is
to consider algorithm design as a zero-sum game between the algorithm designer
and the adversary choosing the problem instance. The algorithm designer has to

(Neumann and Wegener (2003)). For graphs on vertices and edges and edge
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pay 1 Euro for each query. Then Yao’s minimax principle is a corollary to the
minimax theorem for two-person zero-sum games.

Applying this theory leads to several interesting results. It is not too hard
to prove that randomized BBAs need queries on the class of
monotone polynomials proving that RLS and the considered variant of
(1+1) EA are close to optimal for these functions. Also, the exponential lower
bound for the single-source-shortest-paths problem follows from this theory.

Many people have stated that EAs are particularly efficient on unimodal
functions Such functions have a unique global optimum and no
further local optimum with respect to the neighborhood of Hamming distance
1. We investigate unimodal functions with a bounded
image set. The upper bound for EAs is the trivial bound which also can
be realized by deterministic local search. This bound indeed is not far from
optimal. In a different framework, Aldous (1983) has investigated one-to-one
unimodal functions and has proved that their black-box complexity is up

Droste, Jansen, and Wegener (2003) have proven a lower bound of
if

Sometimes, upper bounds on the black-box complexity are surprisingly small.
This happens if the algorithm uses much time to evaluate the information con-
tained in This can lead to polynomially many queries for NP-equivalent pro-
blems. These algorithms use exponential time to evaluate the information. If
we restrict this time to polynomial, lower bounds are based on hypotheses like

It is an open problem to prove in such cases exponential lower bounds
for and small

Conclusions

Applications in many areas have proved that RSHs are useful in many situations.
A theory on RSHs in the style of the theory on problem-specific algorithms
will improve the understanding of RSHs and will give hints how to choose the
free parameters depending on the problem structure. Moreover, RSHs will be
included in lectures on efficient algorithms only if such a theory is available. It
has been shown that such a theory is possible and that first results of such a
theory have been obtained.
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Abstract. Expert systems are often considered to be logical systems
producing outputs that can only be correct or incorrect. However, in
many application domains results cannot simply be distinguished in this
restrictive form. Instead to classify a result as correct or incorrect, here
results might be more or less useful for solving a given problem or for
satisfying given user demands, respectively. In such a situation, an expert
system should be able to estimate the utility of possible outputs a-priori
in order to produce reasonable results. In Case-Based Reasoning this is
done by using similarity measures which can be seen as an approximation
of the domain specific, but a-priori unknown utility function. In this ar-
ticle we present an approach how this approximation of utility functions
can be facilitated by employing machine learning techniques.

1 Introduction

When developing knowledge-based systems one must be aware of the fact that
the output of such a system often cannot simply be judged as correct or incorrect.
Instead, the output may be more or less useful for solving a given problem or
for satisfying the users’ demands. Of course, one is interested in maximizing
the utility of the output even if the underlying utility function is (partially)
unknown. Therefore, one must at least be able to estimate the a-priori unknown
utility of possible outputs, for example, by employing heuristics.

Typical examples for knowledge-based systems where we have to deal with
unknown utility functions are Information Retrieval (IR) [12] and Case-Based
Reasoning (CBR) [1,9] systems. In IR systems one is interested in finding textual
documents that contain information that is useful for satisfying the information
needs of the users. Since CBR systems are used for various application tasks,
here, we have to distinguish different situations. On the one hand, for traditional
application fields like classification, the external output of a CBR system — here
the predicted class membership of some entity — usually can only be correct
or incorrect, of course. However, due to the problem solving paradigm of CBR,
internally a case-based classification system relies on an appropriate estimation
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of the utility of cases1 which are used to infer the class prediction. On the other
hand, in more recently addressed application fields, also the external outputs of
CBR systems underlie utility functions. A typical example are product recom-
mendation systems used in e-Commerce [4,6,19]. Here, CBR systems are used to
select products (or services) — represented as cases — that fulfill the demands
and wishes of customers as good as possible. Hence, a recommended product
does not represent a correct or incorrect solution, but a more or less suitable
alternative.

In CBR the utility of cases is estimated according the following heuristics:
“Similar problems have similar solutions”. Here, the assumption is that a case
consists of a problem description and the description of a corresponding, already
known solution. When being confronted with a new problem for which a solution
is required, the description of this problem — also called query — has to be
compared with the problem descriptions contained in available cases. If two
problems are similar enough, the probability that also similar solutions can be
applied to both problems should be high. This means, the similarity between
a given problem situation and the problem described in a case can be seen
as a heuristics to estimate the utility of the corresponding known solution for
solving the current problem (see Figure 1). If the found solution cannot directly
be reused to solve the given problem, it has to be adapted so that it fits the
changed requirements.

Fig. 1. Approximating Utility through Similarity in CBR

In order to be able to calculate the similarity of two problem descriptions,
so-called similarity measures are employed. Basically, a similarity measure can
be characterized as an approximation of an a-priori unknown utility function [3].
The quality of this approximation strongly depends on the amount of domain
specific knowledge one is able to encode into the similarity measure. However,
a manual definition of knowledge-intensive similarity measures leads to the well
known knowledge acquisition bottleneck when developing knowledge-based sys-

1 In CBR cases typically represent experiences about already solved problems or other
information that can be reused to solve a given problem.
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tems. In this article we show that machine learning approaches can be applied to
learn similarity measures from a special kind of (user) feedback, leading to better
approximations of the underlying utility functions. A more detailed description
of the presented approach is given by [17].

In Section 2 we first introduce the foundations of similarity measures in gen-
eral and we show how they are represented in practice. In Section 3 we present
our approach to learning similarity measures which is based on a special kind of
feedback and corresponding learning algorithms. To demonstrate the capabili-
ties of our approach, in Section 5 we describe some evaluation experiments and
discuss the corresponding results. Finally, we close with a short summary and
conclusion.

2 Similarity Measures

Basically, the task of a similarity measure is to compare two cases2, or at least
particular parts of two cases, and to compute a numeric value which represents
the degree of similarity. In traditional CBR systems the cases’ parts to be com-
pared are usually descriptions of problem situations, however, in more recent
application domains a clear distinction between problems and solutions is often
not given. Hence, in the following we assume that a similarity measure compares
two case characterizations describing the aspects that are relevant to decide
whether a case might be useful for a given query or not:

Definition 1 (Similarity Measure, General Definition). A similarity
measure is a function Sim : where denotes the space of
case characterizations.

Depending on the application tasks, case characterizations might be repre-
sented by using very different formalisms. Of course, the used formalism strongly
influences the manner how corresponding similarity measures have to be repre-
sented. Therefore, we first introduce the kind of case representation that we
presume in the following.

2.1 Attribute-Value Based Case Representation

In most application domains attribute-value based case representations are suffi-
cient to represent all information required to reuse cases efficiently. Such a rep-
resentation consists of a set of attributes where each attribute
is a tuple Here, represents the name of the attribute

may be defined in form of an interval or in form of an enu-
meration In principle the set of attributes might be divided
into two subsets, one for the case characterization and one for the lesson part,

2 A query to a CBR system can also be seen as a (partially known) case.

and defines the set of valid values that can be assigned to that at-
tribute. Depending on the value type (numeric or symbolic) of the attribute,
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which describes the known solution in traditional application tasks. Further,
the set of all attribute definitions, i.e. the names and the ranges, is called the
case model. A case is then a vector of attribute values with

An illustration of the described representation formalism is shown in Figure 2.
Here, cases represent descriptions of personal computers, for example, to be used
in a product recommendation system. The lesson part plays only a minor role,
since a clear distinction between problems and solutions is not given in this
application scenario.

Fig. 2. Example: Attribute-Value Based Case Representation

2.2 Foundations

Although a similarity measure computes a numerical value (cf. Definition 1),
usually one is not really interested in these absolute similarity values, because
their interpretation is often quite difficult. One is rather interested in the partial
order these values induce on the set of cases. Such a partial order can be seen
as a preference relation, i.e. cases that are considered to be more similar to the
query are preferred to being reused during the further processing steps.

Definition 2 (Preference Relation Induced by Similarity Measure).
Given a case characterisation a similarity measure Sim induces a pref-
erence relation on the case space by iff
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In general, we do not assume that similarity measures necessarily have to
fulfill general properties beyond Definition 1. Nevertheless, in the following we
introduce two basic properties that are often fulfilled.

Definition 3 (Reflexivity). A similarity measure is called reflexive if
holds for all If it holds additionally

Sim is called strong reflexive.

On the one hand, reflexivity is a very common property of similarity mea-
sures. It states that a case characterisation is maximal similar to itself. From
the utility point of view, this means, a case is maximal useful with respect to its
own case characterisation. On the other hand, similarity measures are usually
not strong reflexive, i.e. different cases may be maximal useful regarding a given
query. For example, different solution alternatives contained in different cases
might be equally accurate to solve a given problem.

Definition 4 (Symmetry). A similarity measure is called symmetric, if it
holds for all Otherwise it is called asymmetric.

Symmetry is a property often assumed in traditional interpretations of sim-
ilarity. However, in many application domains it has been emerged that an ac-
curate utility approximation can only be achieved with asymmetric similarity
measures. The reason for this is the assignment of different roles to the case
characterizations being compared during utility assessment. This means, the
case characterisation representing the query has another meaning than the case
characterisation of the case to be rated.

2.3 The Local-Global Principle

Definition 1 still does not define how to represent a similarity measure in prac-
tice. To reduce the complexity, here one usually applies the so-called local-global
principle. According to this principle it is possible to decompose the entire sim-
ilarity computation in a local part only considering local similarities between
single attribute values, and a global part that computes the global similarity
for whole cases based on the local similarity assessments. Such a decomposition
simplifies the modelling of similarity measures significantly and allows to define
well-structured measures even for very complex case representations consisting
of numerous attributes with different value types.

This approach requires the definition of a case representation consisting of
attributes that are independent from each other with respect to the utility judge-
ments. In the case that the utility depends on relations between attributes one
has to introduce additional attributes — so-called virtual attributes — making
these relations explicit. Consider the example that we want to decide whether
a given rectangle is a quadrat or not by applying case-based reasoning. Here,
obviously the ratio between the length and the width of the rectangle is crucial.
Hence, if the original cases are described by these two attributes, an additional
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attribute “length-width-ratio” has to be introduced which represents this im-
portant relationship between the two attributes.

Given such a case representation, a similarity measure can be represented by
the following elements:

1.

2.

3.

Attribute weights define the importance of each attribute with respect to the
similarity judgement,
Local similarity measures. calculate local similarity values for single at-
tributes.
An aggregation function calculates the global similarity based on the at-
tribute weights and the computed local similarity values.

With respect to the aggregation function mostly a simple weighted sum is
sufficient. This leads to the following formula for calculating the global similarity
Sim between a query and a case

Here, represents the local similarity measure for attribute and
are the corresponding attribute values of the query and the case. In the following,
we describe how local similarity measures can be represented.

2.4 Local Similarity Measures

In general, the representation of a local similarity measure strongly depends on
the value type of the underlying attribute. Basically, we can distinguish between
similarity measures for unordered and ordered data types. The former ones are
typical for symbolic attributes while the latter ones are typical for numeric at-
tributes. Nevertheless, also symbolic values may be associated with an order.

Similarity Tables. When dealing with unordered data types, the only feasible
approach to represent local similarity measures is an explicit enumeration of all
similarity values for each possible value combination. The result is a similarity
table as illustrated in Figure 3 for the attribute ‘casing” in the PC domain.

Since similarity measures are usually reflexive (cf. Definition 3), the values of
the main diagonal in such a table are set to 1. When dealing with a symmetric
similarity measure the upper and the lower triangular matrices are symmetric,
which reduces the modelling effort. The shown table represents an asymmetric
measure. For example, the similarity between the casing types “mini-tower” and
“midi-tower” is different depending on which value represents the query and
which the case value.
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Fig. 3. Similarity Table

Difference-Based Similarity Functions. For ordered types which are often
also even infinite, similarity tables are not feasible, of course. Here, similarity
values can be calculated based on the difference between the two values to be
compared. This can be realized with difference-based similarity functions as il-
lustrated in Figure 4. Here, the x-axis represents the difference between the
query and the case value. For numeric types this difference can be calculated
directly, for example with For other ordered non-numeric types
(e.g., ordered symbolic types), the distance may be inferred from the position
of the values within the underlying order, i.e. one might assign an integer value
to each symbolic value according its index. A difference-based similarity func-
tion then assigns every possible distance value a corresponding similarity value
by considering the domain specific requirements. The function shown in Figure
4, for example, might represent the local utility function for an attribute like
“price” typically occurring in product recommendation systems. The semantics
of this function is that lower prices than the demanded price are acceptable and
therefore lead to a similarity of 1. On the other hand, larger prices reduce the
utility of a product and therefore lead to decreased similarities.

Fig. 4. Difference-Based Similarity Functions

2.5 Defining Similarity Measures

Although today available CBR tools provide comfortable graphical user inter-
faces for defining similarity measures, modelling similarity measures manually
leads to some problems.
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The similarity definition process commonly applied nowadays can be charac-
terized as a bottom-up procedure. This means, the entire similarity assessment
is based on the acquisition of numerous single knowledge entities about the in-
fluences on the utility function. These knowledge-entities have to be encoded
separately by using suitable local similarity measures and accurate attribute
weights. Because this knowledge is very specific and detailed (e.g. a local sim-
ilarity measure concerns only one single aspect of the entire domain), it could
also be characterised as low-level knowledge about the underlying utility func-
tion. Of course, to be able to acquire such general domain knowledge, at least a
partial understanding of the domain is mandatory. The basic assumption of this
procedure is that thorough acquisition and modelling of this low-level knowledge
will lead to an accurate approximation of the complete utility function. However,
in certain situations this bottom-up procedure to defining similarity measures
might lead to some crucial drawbacks:

The procedure is very time-consuming. For example, consider a symbolic at-
tribute with 10 allowed values. This will require the definition of a similarity
table with 100 entries!
In some application domains a sufficient amount of the described low-level
knowledge might be not available. Possible reasons are, for example, a poorly
understood domain, or the fact that an experienced domain expert who could
provide the knowledge is not available or too expensive.
Even if an experienced domain expert is available, s/he is usually not fa-
miliar with the similarity representation formalisms of the CBR system. So,
the provided knowledge may only be available in natural language. This in-
formal knowledge then has to be translated into the formal representation
formalisms by an experienced knowledge engineer who possesses the required
skills which leads to additional costs.
Due to the effort of the representation, even experienced knowledge engineers
often make definition failures by mistake. Unfortunately, the recognition of
such failures is very difficult.
The bottom-up procedure does not consider the utility of whole cases di-
rectly. Instead, the final utility estimation is completely based on the en-
semble of the individual low-level knowledge entities. Nowadays, the overall
quality of the completely defined similarity measure is mostly not validated
in a systematic way. Existing approaches (e.g. leave-one-out tests and mea-
suring classification accuracy) only measure the overall performance of the
CBR system, that is, of course, also influenced by other aspects, for example,
the quality of the case data. So, one often blindly trusts the correctness of
the global similarity values computed by the defined measure.
Due to the complexity of the bottom-up procedure its application is usually
restricted to the development phase of the CBR application. This means,
all similarity knowledge is acquired during the development phase and is
assumed to be valid during the entire lifetime of the application. However, in
many domains changing requirements and/or changing environments require
not only maintenance of case knowledge, but also maintenance of general
knowledge [13].
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The knowledge about the actual utility of cases might not be available at all
during the development phase. For example, when applying similarity mea-
sures in an e-Commerce or knowledge management scenario, the knowledge
often can only be provided by the users themselves during the usage of the
system. However, here the bottom-up procedure is not feasible.
Sometimes the required knowledge about the cases’ utility might already
be available in a formal but quite different representation form. For exam-
ple, when supporting case adaptation, the utility of cases strongly depends
on the provided adaptation possibilities. Hence, to obtain an accurate simi-
larity measure one has to transfer adaptation knowledge into the similarity
measure. When using the bottom-up procedure this is a very time-consuming
task. The adaptation knowledge has to be analysed manually and the knowl-
edge considered to be relevant then has to be encoded into the similarity
measure.

In the following we present an alternative approach for modelling similarity
measures which tries to avoid the mentioned problems by applying machine
learning techniques.

3 Learning Similarity Measures from Utility Feedback

As described in the previous section, one problem of the manual definition of
similarity measures is the necessity to analyse the underlying utility functions
in detail in order to determine the influences on them. Only if the different
influences are known, one is able to consider them in form of appropriate weights
and local similarity measures.

3.1 Utility Feedback

We have proposed an alternative approach to acquire knowledge about the only
partially or informally known utility function [15,17]. The basic idea of this
approach is the capability of some similarity teacher to give feedback about
the utility of given cases with respect to concrete problem situations or queries,
respectively. Here, the similarity teacher must not be able to explain the reasons
why cases are more or less useful, but he has only to compare cases according
their utility. This means, the utility of a case must not be expressed absolutely,
but only relatively to other cases, for example, by giving statements like “case
is more useful than case The similarity teacher first might analyze the result
of a similarity-based retrieval, i.e. a given partial order of cases (see Figure 5).
By reordering the cases according to their actual utility for a given query one
obtains an additional partial order which can be characterized as a corrected
retrieval result, also called training example.

In principle, such utility feedback might be provided by different types of
similarity teachers depending on the concrete application scenario:
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Human Domain Expert: The most obvious possibility is a human domain
expert who posses implicit knowledge about the unknown domain specific
utility function to be approximated. Due to his/her experiences, a domain
expert should be able to decide which cases are more useful than others for
a given problem situation.

System Users: In application scenarios where the utility of cases strongly de-
pends on the preferences and expectations of the system’s users (e.g. e-
Commerce applications), also the users might play the role of the similarity
teacher.

Software Agents: Generally, the similarity teacher has not necessarily be rep-
resented by a human being. In some application scenarios also software
agents which are able to evaluate retrieval results automatically might be
applied.

Application Environment: If the output of a CBR system is directly applied
in some application environment, also feedback about the cases’ application
success or failure might lead to the required utility feedback.

In the following we assume the existence of some arbitrary similarity teacher
who is able to provide utility feedback containing implicit knowledge about the
unknown utility function. The objective of our approach is to extract this knowl-
edge and to encode it in an explicit form by defining appropriate similarity mea-
sures. This can be achieved by applying machine learning techniques as described
in the following.

3.2 Evaluating Similarity Measures

The foundation of our learning approach is the definition of a special error func-
tion E which compares retrieval results computed according to a given similarity
measure with utility feedback provided by the similarity teacher (see Figure 5).
This means, the basic element of the error function E has to be a measure for
the distinction between two partial orders, namely a retrieval result and utility
feedback with respect to a given query The requirement on this measure is
that it should compute an error value of zero, if and only if the two partial orders
are equal. Otherwise it should compute an error value greater zero representing
the degree of distinction. Such an error function then can be used to evaluate
the quality of a given similarity measure, since it is our goal to find a similarity
measure which produces partial orders as defined by the similarity teacher. This
means if we are able to find a similarity measure leading to an error value of
zero, we have found an ideal similarity measure with respect to the given utility
feedback.

In the following we introduce a possible definition of such an error function
E. For better understanding, here, we introduce a simplified version of E. A
more sophisticated one can be found in [17]. Before being able to compare entire
partial orders, we need the following function:



160 A. Stahl

Fig. 5. Utility Feedback

Definition 5 (Elementary Feedback Function). Let be a query, and
be two cases, and let Sim be a similarity measure. The function e f defined as

is called elementary feedback function where represents the informal utility
feedback provided by some arbitrary similarity teacher.

The objective of this elementary feedback function is the evaluation of a
given similarity measure Sim regarding the correct ranking for a particular case
pair This function can now be used to define the mentioned measure for
evaluating retrieval results:

Definition 6 (Index Error). Consider a similarity measure Sim, a query
and utility feedback for a set of cases with respect to also called
training example         . We define the index error induced by Sim w.r.t.
to as

The index error can be seen as a measure for the quality of a given similarity
measure regarding a particular query and the corresponding training example.
However, we are interested in similarity measures that supply reasonable case
rankings for arbitrary queries or at least for a certain set of queries. This leads
to the following extension of the index error allowing the evaluation of similarity
measures with respect to a set of training examples:

Definition 7 (Average Index Error). Consider a set of training queries
corresponding training data
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consisting of training examples, and a similarity measure Sim. We
define the average index error induced by Sim w.r.t. to Q as

3.3 The Learning Task

With the previously introduced error function we are now able to implement a
procedure for learning similarity measures from utility feedback. This learning
procedure can also be characterized as an optimization process controlled by the
error function. In principle, we are interested in finding an optimal similarity
measure leading to a minimal error value, i.e. we want to find a global minimum
of the error function (see Figure 6). Unfortunately, in general it cannot be
guaranteed that we are able to find actually a global minimum, nevertheless we
are interested to minimize the error value as far as possible. When starting with
some initial similarity measure coupled with a corresponding error
value it should at least be possible to find a measure coupled with an
error value smaller than e.g. This measure then hopefully
represents a better approximation of the unknown utility function.

It must be pointed out that the search space, i.e. the set of representable
similarity measures, usually does not contain an ideal similarity measure. Hence,
even an optimal similarity measure is mostly also coupled with an error value
greater zero.

Fig. 6. Finding Minima of the Error Function

For implementing the described learning or optimization task, respectively,
different methods, for example, gradient descent approaches, simulated annealing
[2] or evolutionary algorithms [8,10], have already been developed. In the follow-
ing section we present an approach particularly suited to learn local similarity
measures that is based on evolutionary programs [10]. In contrast to traditional
genetic algorithms where the entities to be optimized are encoded by using bit
strings, our evolutionary algorithm operates on more sophisticated representa-
tions. We restrict the description of our approach on an overview of the most
important aspects, namely the representation of individuals and the definition
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of appropriate genetic operators. For more details about the functionality of our
learning algorithm we refer to [18,17].

4 A Genetic Algorithm for Learning Local Similarity
Measures

When employing a genetic algorithm, the most important issues are the defini-
tion of an appropriate fitness function, an adequate representation of the entities
to be optimized and the determination of corresponding genetic operators. The
average index error introduced in Definition 7 already represents the required
fitness function. In this section we show how local similarity measures can be
represented so that a genetic algorithm is able to handle them easily. Further,
we introduce corresponding genetic operators needed to realize an evolutionary
process.

4.1 Representation of Individuals

Concerning the representation of local similarity measures as individuals of an
evolutionary process we presume the representation formalisms introduced in
Section 2.4, i.e. difference-based similarity functions and similarity tables.

Representing Difference-Based Similarity Functions. Consider some dif-
ference-based similarity function used as local similarity measure for
a numeric attribute A. Since may be continuous in its value range

it is generally dif-
ficult to describe it exactly with a fixed set of parameters. Thus, we employ
an approximation based on a number of sampling points to describe arbitrary
functions:

Definition 8 (Similarity Function Individual, Similarity Vector). An
individual I representing a similarity function for the numeric attribute
A is coded as a vector of fixed size The elements of that similarity vector

is linearly interpolated. Accordingly, it holds for all
[0,1].

The number of sampling points may be chosen due to the demands of
the application domain: The more elements contains, the more accurate the
approximation of the corresponding similarity function, but on the other hand,
the higher the computational effort required for optimization. Depending on the
characteristics of the application domain and the particular attribute, different
strategies for distributing sampling points over the value range of the similarity
function might be promising:

Uniform Sampling: The simplest strategy is to distribute sampling points
equidistantly over the entire value range (see Figure 7a).

are interpreted as sampling points of between which the similarity function
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Center-Focused Sampling: However, when analyzing the structure of dif-
ference-based similarity functions in more detail, it becomes clear that
different inputs of the functions will usually occur with different proba-
bilities. While the maximal and minimal inputs, i.e. the values

can only occur for one combination of query and case values, inputs corre-
sponding to small differences can be generated by various of such combina-
tions. Thus, case data and corresponding training data usually provides much
more information about the influences of small differences, compared with
the information available about extreme differences. Another aspect is that
changes in similarity are usually more important for small value differences,
since greater differences usually correspond to very small similarity values.
In order to consider these facts during learning, it might be useful to use
more sampling points around the “center” of the difference-based similarity
function like illustrated in Figure 7b.

Dynamic Sampling: While the center-focused approach is more a heuristics,
it is also possible to analyse the training data in order to determine an
optimal distribution for the sampling points [7]. Then, areas where a lot of
training information is available might be covered with more sampling points
than areas for which no respective information is contained in the training
data.

Fig. 7. Representing Similarity Functions as Individuals

Representing Similarity Tables. Similarity tables, as the second type of
local similarity measures of concern, are represented as matrices of floating point
numbers within the interval [0, 1]:
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Definition 9 (Similarity Table Individual, Similarity Matrix). An in-
dividual I representing a similarity table for a symbolic attribute A with a list
of allowed values is a with entries

for all

This definition corresponds to the representation of similarity tables, i.e. the
original representation of this type of local similarity measures is directly used
by the genetic algorithm. So, the definition presented here is only required for
introducing the necessary notation.

4.2 Genetic Operators

Another important issue is the definition of accurate genetic operators used to
perform crossover and mutation operations. When deciding not to use bit strings,
but other data structures for representing individuals, the genetic operators have
to consider the particularly used genome representation. Therefore, in this sec-
tion also some exemplary genetic operators for the previously introduced genome
representation are presented.

The operators we use for learning of local similarity measures are differ-
ent from classical ones since they operate on a different genome representation.
However, because of underlying similarities, we divide them also into the two
standard groups: mutation and crossover operators.

Crossover Operators for Similarity Vectors and Matrices. Applying
crossover operators on the data structures used for representing local similarity
measures, a new individual in the form of a similarity vector or matrix is created
using elements of its parents. Though there are variations of crossover opera-
tors described that exploit an arbitrary number of parents [10], we rely on the
traditional approach using exactly two parental individuals, and

Simple crossover is defined in the traditional way as used for bit string
representations: A split point for the particular similarity vector or matrix
is chosen. The new individual is assembled by using the first part of parent

similarity vector or matrix and the second part of parent
Arbitrary crossover represents a kind of multi-split-point crossover with a
random number of split points. Here, for each component of the offspring
individual it is decided randomly whether to use the corresponding vector
or matrix element from parent or
Arithmetical crossover is defined as the linear combination of both parent
similarity vectors or matrices. In the case of similarity matrices the offspring
is generated according to: with
for all
Line/column crossover is employed for similarity tables, i.e. for symbolic
attributes, only. Lines and columns in a similarity matrix contain coherent
information, since their similarity entries refer to the same query or case
value, respectively. Therefore, cutting a line/column by simple or arbitrary
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crossover may lead to less valuable lines/columns for the offspring individual.
We define line crossover as follows: For each line we randomly
determine individual or to be the parent individual for that line.
Then it holds for all Column crossover is
defined accordingly.

For each of the described operators a particular probability value has to be
specified. When performing crossover, one of the described operators is then
selected according to this probability.

Mutation Operators for Similarity Vectors and Matrices. Operators of
this class are the same for both kinds of local similarity measures we are dealing
with. They change one or more values of a similarity vector or matrix
according to the respective mutation rule. Doing so, the constraint that every
new value has to lie within the interval [0,1] is met. The second constraint
that needs to be considered concerns the reflexivity of local similarity measures
(cf. Definition 3). As a consequence, the medial sampling point of a similarity
vector should be 1.0 as well as the elements of a similarity matrix for all

Since any matrix can be understood as a vector, we describe the
functionality of our mutation operators for similarity vectors only:

Simple mutation: If is a similarity vector individual, then
each element has the same probability of undergoing a mutation. The
result of a single application of this operator is a changed similarity vector

with and chosen randomly from [0,1].
Multivariate non-uniform mutation applies the simple mutation to several
elements of Moreover, the alterations introduced to an element of that
vector, become smaller as the age of the population is increasing. The new
value for is computed after where is the current
age of the population at hand, T its maximal age, and a random number
from [0,1]. Hence, this property makes the operator search the space more

sampling points and and increases or decreases the values for all
with by a fixed increment.

As for crossover operators, mutation operators are applied according to some
probability to be specified a priori.

With the described representation and genetic operators together with the
error function introduced in Definition 7 we are now able to implement a ge-
netic algorithm for learning local similarity measures. For more details about
the general functionality of genetic algorithms see [8,10].

uniformly at early stages of the evolutional process (when is small) and
rather locally at later times. The sign ± indicates, that the alteration is
either additive or subtractive. The decision about that is made randomly as
well.
In-/decreasing mutation represents a specialisation of the previous operator.
Sometimes it is helpful to modify a number of neighbouring sampling points
uniformly. The operator for in-/decreasing mutation randomly picks two
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For the other important part of a global similarity measure, namely the
attribute weights, it is also possible to define a corresponding genetic algorithm.
However, here other learning strategies can usually be applied more efficiently,
for example, gradient descent algorithms [15,16,17].

5 Experimental Evalutation

In this section we give a short summary of an experimental evaluation that
demonstrates the capabilities of our learning approach in two different applica-
tion scenarios. A more detailed description is given by [17]. In both scenarios a
similarity measure is required to approximate an a-priori unknown utility func-
tion. However, the two scenarios clearly differ in the aspects that determine the
utility of cases.

5.1 Learning Customer Preferences

In our first evaluation scenario we consider a CBR system used to recommend
appropriate used cars with respect to a given requirement specification repre-
sented by the query. Here, we assume that the cars cannot be customized, i.e.
no case adaptation is performed after the similarity-based retrieval. The case
representation we used for our experiment consists of 8 attributes (4 symbolic,
4 numeric) describing important properties of the cars, like “price” or “engine
power”. Concerning the similarity measure, this results in 4 similarity tables, 4
difference-based similarity functions and 8 attribute weights to be optimized by
applying our learning approach.

Since no real customers were available, we have applied a simulation ap-
proach in order to obtain the required utility feedback. The foundation of this
simulation is an additional similarity measure representing virtual preferences
of some class of customers, so to speak the target measure to be learnt by the
learning algorithm. With this additional similarity measure we were able
to generate utility feedback like shown in Figure 8. In order to obtain a single
training example, the following steps are performed automatically:

1.
2.

3.
4.

Generating a random query
Retrieving the 10 most similar cases with respect to by using an initial
similarity measure
Recalculating the similarity of the 10 retrieved cases by using
Selecting the 3 most similar cases with respect to however by incor-
porating some noise.

The idea of step four is a realistic simulation of the behaviour of customers.
One the one hand, customers will usually not be willed to give feedback about
the entire retrieval result, however to get feedback about only three cases should
be realistic. Further we have introduced noise in order to simulate inconsistent
behaviour of customers. Hence, the finally obtained training example does not
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always come up to the target measure but may contain minor or major
deviations according to some probability values

By repeating the described procedure we were able to generate an arbitrary
number of training examples to be used by the learning algorithm. In our ex-
periment we have used a genetic algorithm to learn attribute weights and local
similarity measures (cf. Section 4).

Fig. 8. Learning Customer Preferences: Generation of Training Examples

In order to be able to measure the quality of the learned similarity measure
we have generated 200 additional noise free test examples. For a given learned
similarity measure we then counted the percentage of retrievals based on
the 200 queries of the test examples where

the most similar case was also the most useful one (1-in-1)
the most similar case was at least among the ten most useful ones (1-in-10)

according to the noise free utility feedback of the test examples. In order to get
an impression of the amount of training data required to get meaningful results,
we have started the learning algorithm for an increasing number of training
examples. Further, we have repeated the entire experiment at least 3 times in
order to achieve average values, even though the number of repetitions is to
small for obtaining statistically significant results, of course.

The results of the described experiment are illustrated in Figure 9. Gener-
ally, one observes clear improvements in both quality measures at least when
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Fig. 9. Learning Customer Preferences: Results

providing more then 100 training examples. When using less examples we notice
a decrease of retrieval quality which can be explained by overfitting the pro-
vided training data, so that the quality of the learned similarity measure is bad
with respect to independent test examples. Further, we see that noise seems to
have a significant impact on learning only when providing less then 250 training
examples.

5.2 Learning to Retrieve Adaptable Cases

For our second experiment we suppose again a product recommendation system,
this time used for recommending optimal configurations of personal computers.
Since PCs can easily be customized by adding or replacing components, here we
assume a CBR system that provides adaptation functionality. This means, the
case base contains a set of base PC configurations3 which can be modified by
applying certain adaptation rules [5]. In our example domain PCs are described
by 11 attributes (5 numeric and 6 symbolic) and can be adapted by applying 15
more and less complex adaptation rules.

When providing adaptation functionality, optimal retrieval results can only
be achieved if the similarity measure considers the adaptation possibilities [16,
14,11]. Since the utility of a case might change clearly after being adapted, it is
not sufficient to estimate the direct utility of cases for a given query. However,
to define a similarity measure that estimates the utility of a case that can be
achieved by adaptation, one has to analyze the available adaptation knowledge in
detail. Further, the knowledge has to be transferred into the similarity measure
by using the given knowledge representations. Because this is a very complex
and time consuming process, we propose to automate it by applying our learning
framework.

Therefore, we assume that a similarity measure which estimates the di-
rect utility of cases without considering adaptation possibilities is already given.
Usually such a measure can be defined much more easily, or it might also be
3 The case base used for the experiment contained 15 base configurations
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Fig. 10. Learning to retrieve Adaptable Cases: Generation of Training Examples

learned, e.g. like described in Section 5.1. Then, we are able to generate utility
feedback like illustrated in Figure 10:

1.
2.

3.
4.
5.

Generating a random query
Retrieving the 10 most similar cases with respect to by using the similarity
measure or some other initial measure.
Adapting the retrieved cases by applying the adaptation rules.
Recalculating the similarity of the 10 adapted cases by using
Constructing a training example by reordering the 10 original cases.

This feedback can be used to learn a new similarity measure which can
be seen as an optimized version of since it tries to approximate the utility
of cases under consideration of adaptation possibilities. The achieved results
are illustrated in Figure 11. The results shown here represent average values
obtained during 10 repetitions of the experiment. The experimental settings
were similar to the experiment described in Section 5.1. Again we have applied
our learning algorithm by using increasing number of training examples. To
measure the quality of the learned similarity measures we have determined the
corresponding retrieval results for 200 independent test queries. Instead of the
1-in-10 quality measure, here, we have chosen the analogous 1-in-3 version. The
idea of this measure is the assumption that it is computational feasible to adapt
the 3 most similar cases after retrieval in order to select the best resulting case.

For both selected quality measures we notice a clear improvement of the
retrieval quality achieved with the optimized similarity measure when using more
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Fig. 11. Learning to retrieve Adaptable Cases: Results

then 20-35 training examples. In this experiment less training examples were
necessary to avoid overfitting because each training example contained more
knowledge (feedback about 10 cases instead 3 cases in the previous scenario).

6 Conclusion

We have discussed that the output of knowledge-based systems cannot always
simply be judged as correct or incorrect as one would expect from a problem-
solving system. In many application domains the output of such systems rather
has to be interpreted by considering certain utility functions. This means the
output might be more or less useful for solving a problem or for satisfying the
users’ demands. In order to produce maximal useful outputs, a knowledge-based
system should be able to estimate the utility of a possible output a-priori.

In CBR systems, for example, the utility of available knowledge is approxi-
mated by employing similarity measures. The more domain specific knowledge
one is able to encode into a similarity measure the higher should be the proba-
bility that useful knowledge is selected. According to the local-global principle,
particular local similarity measures can be used to encode much domain specific
knowledge about the utility function to be approximated. However, the defi-
nition of such knowledge-intensive similarity measures is a complex and time
consuming process.

In this article we have proposed to facilitate the definition of knowledge-
intensive similarity measures by applying a machine learning approach. The ap-
proach is based on feedback about the actual utility of cases provided by some
similarity teacher. This feedback enables us to evaluate the quality of given sim-
ilarity measures and can be used to guide an search process with the goal to
find an optimal similarity measure. We have described a genetic algorithm for
realising this search or optimization process, respectively. In order to show the
capabilities of our learning approach, finally we have presented the results of
two different evaluation experiments. Here, we have seen that the quality of an
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initially given similarity measure can be improved significantly, at least if reason-
able amount of training data is available. However, in both presented scenarios
this should be possible in practice. On the one hand, a product recommenda-
tion system is usually used by numerous customers, which may provide feedback
explicitly or implicitly, e.g. by their buying behaviour. On the other hand, in
our adaptation scenario, the required feedback even can be generated automat-
ically. Here our learning approach allows an optimization of an initial similarity
measure “on a mouse click”.

In order to reduce the risk of overfitting the training data, and thus reduce
the amount of necessary data, the presented learning approach may be extended.
Several possibilities to improve the learning process by incorporating additional
background knowledge are presented in [7].
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Abstract. Traditionally, software development teams follow Tayloristic ap-
proaches favoring division of labor and, hence, the use of role-based teams.
Role-based teams require the transfer of knowledge from one stage of the de-
velopment process to the next. As multiple stages are involved, the problem of
miscommunication due to indirect and long communication path is amplified.
Agile development teams address this problem by using cross-functional teams
that encourages direct communication and reduces the likelihood of miscom-
munication. Agile approaches usually require team members to be co-located
and only facilitate intra-team learning. To overcome the restriction in co-
location and support organizational inter-team learning while supporting the so-
cial context critical to the sharing of tacit knowledge is the focus of this paper.
We also highlight that humans are good at making sense of incomplete and ap-
proximative information.

1 Introduction

Software development is a collaborative process that needs to bring together domain
expertise with technological skills and process knowledge. Traditional software de-
velopment approaches organize the required knowledge sharing based on different
roles following a Tayloristic mindset: people involved in the development process are
assigned to specific roles (e.g. business analyst, software architect, lead designer, pro-
grammer, tester) that are associated with specific stages in the development process
(requirements analysis, high-level design, low level design, coding, testing). Hand-
offs between each of the stages are primarily document based: one role produces a
document (e.g. a requirements specification, design documents, source code, test
plans) and hands it off to the people responsible for the next stage in the development
process. Moving from one stage to the next often requires sign-offs from the people
involved. After sign-off, documents are supposed to be set in stone (e.g. “the design is
completed”) and changes are seen as a problem: feature creep, requirements churn
etc. Changes are handled as the exception to the rule that need to get formal approval
by change control boards. Changes are also seen as a factor that dramatically (i.e. up
to two orders of magnitude) increases development costs.

Tayloristic processes strive to accomplish an idealistic goal: Documents are sup-
posed to be complete, consistent and unambiguous. Unfortunately, they never are: the
information contained in the documents only approximates what is needed by the
people handling the next stage Information is lost in each transfer from one head to

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 173–183, 2004.
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the next. And knowledge that does not reach the person who actually writes the code
will result in a software system that does not meet all customer needs – resulting in
low customer satisfaction and unsuccessful projects. A simply model illustrates this
knowledge loss over longer communication chains (see Figure 1).

Fig. 1. Knowledge loss in Tayloristic processes

Assuming only a mere 5% of relevant information is lost in each transfer between
each of the stages, nearly a quarter of the information does not reach the coder (who
has to encode the domain knowledge into software) in a Tayloristic development pro-
cess1. This gets worse if more then 5% are lost in each stage. Clearly, software engi-
neering approaches are trying to reduce this information loss by spending effort on er-
ror correction: the main purpose of reviews and inspection is to reduce errors in all
kinds of documents. While there is lots of empirical evidence showing that effort
spent on inspections and reviews pays of in reduced miscommunication, nothing indi-
cates that these processes are able to come close to a 0% error. In fact, the CHAOS
report published by the Standish group shows that about three quarters of all software
development projects either fail completely or are challenged. One of the main rea-
sons for this is that the software delivered does not meet customer needs.

Another problem resulting from the long communication chains in Tayloristic
software organizations is a tendency to over-document. Shannon’s information theory
indicates that information is only useful when it is new for the receiver of the infor-
mation: providing a known fact to somebody is old news and boring. In fact, if this is
done in a document, it makes the task to find relevant gems of information more diffi-
cult and, hence, increases knowledge transfer costs. People involved in the early
stages of software development do not (and can not) know what information is al-
ready known to the coders. Relevance of information is completely subjective in the
sense that it depends on the current knowledge of the information receiver. Based on
experience, analysts and designers know that incomplete information will result in
implementations that do not meet the customer’s expectations. To be on the safe side
and avoid problems with incomplete specifications and designs, analysts and design-
ers tend to over-document: they answer questions with their documentation that might
not even be asked by the coder.

A simple way to reduce the information loss on one hand while focusing commu-
nication on relevant information is reducing the length of the communication chain
(see Figure 2).

Fig. 2. Knowledge loss in direct communication

1
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Agile software processes like Extreme Programming [2], Scrum [4] and others [1,
3, 5, 6], rely on direct face-to-face communication between customers and developers
for knowledge sharing. This reduces the information loss due to long communication
chains as well as making sure that only questions that the developer (who writes the
code) has are answered.

Transferring and sharing required knowledge in a team is a difficult task that, in
the past, was tackled by introducing rigorous processes and more and more structured
and formalized representations. While there are merits to that approach, the recent
trend towards agile software processes focuses on less formal, more fuzzy style. It re-
places “logical” representations by approximations - approximations that are “good
enough” for humans to proceed with development but rely on face-to-face sharing of
tacit knowledge to actually do so.

In this paper, we will describe how agile teams share knowledge and discuss bene-
fits and shortcomings of these approaches. We will then present a lightweight knowl-
edge management framework that overcomes some of the problems and explain how
lightweight knowledge management can be integrated with more structured knowl-
edge. We will also review some existing tool support for agile practices from the per-
spective of lightweight knowledge management.

2 Knowledge Sharing Support in Agile Processes

In agile processes, knowledge sharing is encouraged by several practices: release and
iteration planning, pair programming and pair rotation, on-site customers in case of
XP [2], daily Scrum meeting, cross-functional teams, and project retrospectives in
Scrum [4].

Release and iteration planning are used to share knowledge on system require-
ments and the business domain between the on-site customers and the developers. In a
release planning meeting arranged at the beginning of a project, the project timeline is
broken down into small development iterations and releases. At the beginning of an
iteration (short time-boxed develop efforts that run usually two to six weeks), the de-
velopment team and the customer representatives discuss what should be done in the
next few weeks. The discussions refine the initial requirements to a level that the de-
velopment team is able to estimate the development effort for each feature. Develop-
ers break each feature into tasks and provide the customers with estimates of effort
needed to complete each feature. Based on the developers’ estimation, the amount of
work hours available in the upcoming iteration and the velocity (the percentage spent
on development task in relation to total work) from the previous iteration, prediction
can be made as to whether the developers can complete the features proposed by the
customers. If not, the developers are to renegotiate the set of features with the cus-
tomers. Further requirement details are discussed with on-site customer representa-
tives while a developer actually works on the implementation of a feature. The close
interaction between developers and on-site customer representatives usually lead to
increased trust and a better understanding. This direct feedback loop allows a devel-
oper to create a good approximation of the requirements in his head faster than docu-
ment-centric information exchange. Quickly developed software can be demonstrated
immediately to the customer representative and allows her to directly catch misunder-
standings.
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Pair programming involves two developers working in front of a single computer
designing, coding, and testing the software together. It is a very social process char-
acterized by informal and spontaneous communications. During a pair programming
session, knowledge of various kinds, some explicit but mostly tacit, is shared between
the pair. This includes task-related knowledge, contextual knowledge, and social re-
sources. Examples of task-related knowledge include system knowledge, coding con-
vention, design practices, technology knowledge and tool usage tricks. Contextual
knowledge is knowledge by which facts are interpreted and used. For instance,
knowing from past experiences or “war stories” when to or when not to use a par-
ticular design pattern in different coding scenarios. Examples of social resources in-
clude personal contacts and referrals. Developers tend not to document these types of
knowledge for many reasons, such as being overburdened with other tasks or they
deem what they know to be irrelevant or of no interest to others. Such knowledge is
often only uncovered via informal and casual conversation [7]. For this reason, the
social nature of pair programming made it a great facilitator for eliciting and sharing
tacit knowledge. To ensure knowledge shared among a pair is accessible to the entire
team, XP recommends pairs be rotated from time to time. As a side effect of tapping
tacit knowledge, the social nature of pair programming helps to create and strengthen
networks of personal relationships within a team, and nurture an environment of trust,
reciprocity, shared norms and values. These are critical to sustain an ongoing culture
of knowledge sharing.

While pair programming sessions facilitate communication within a pair, daily
Scrum meetings facilitate communication among the entire team. During a daily
Scrum meeting, team members report their work progress since the last meeting; state
their goals for the day; and voice problems related to their tasks or suggestions to their
colleagues’ tasks. Such meetings provide visibility of one’s work to the rest of the
team; raise everyone’s awareness of who has worked on or is knowledgeable about
specific parts of the system; and encourage communications among team members
who may not talk to each other regularly. Team members learn whom to contact when
they work on parts of the system that they are unfamiliar with.

To reduce the communication cost among the various roles, such as business ana-
lysts, developers, and testers, who are involved in software development, agile meth-
ods recommend the use of cross-functional teams instead of role-based teams. A role-
based team contains only members of the same role. In contrast, a cross-functional
team draws together individuals of all defined roles. Experiences indicate that cross-
functional teams facilitate better collaboration and knowledge sharing which lead to
reduced product development time [8].

Continuous learning is supported by some agile methods in the form of project ret-
rospectives. Retrospectives are in essence post-mortem reviews on what happened
during development except that they are conducted not only at the end of a project but
also during the project. Retrospectives facilitate the identification of any success fac-
tors and obstacles of the current management and development process. In cases
where team members face obstacles of the current process, such as lengthy stand-up
meetings, retrospectives provide the opportunity for these issues to be raised, dis-
cussed, and dealt with during the project rather than at the end of project.
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3 Limitations

The above knowledge sharing practices are all team-oriented and rely on social inter-
actions. Although the social nature of the practices made them great at tapping tacit
knowledge and in fostering the creation and reinforcement of relationship networks
within a team, there are inherent limitations in these practices. In their original form,
all the above practices rely on face-to-face communication which restricts the use of
them to co-located and small teams, usually with less than twenty people [2]. Unfor-
tunately, for many reasons, it is sometimes impossible to co-locate an entire team and
sole reliance on informal knowledge sharing will present challenges. Hence, distrib-
uted teams and inter-team knowledge sharing are issues that agile methods practitio-
ners must deal with.

Besides the co-location constraint, the above practices only facilitate intra-team but
not inter-team learning within an organization. A common attempt to address this or-
ganizational learning issue is to transfer workers from one work team to another.
However, this is challenging due to cost and is slow due to time constraints.

Informal training approaches like pair programming and pair rotation are not
problem-free either. Training content may vary, or conflict across different pairs.
Getting two people to work cooperatively as a pair is also often an extremely tricky
task. One may argue that pair programming constantly reduces the productivity of the
experts as they need to train novices all the time and formal training is therefore less
expensive. It should be possible to combine pair programming with a training infra-
structure to gain the benefits of both approaches.

4 MASE

To overcome the above limitations, there exist various tools ranging from those that
support real-time collaboration, such as Microsoft’s Messenger and NetMeeting, to
those that support asynchronous communication and coordination, such as e-mail and
newsgroups.

While real-time collaboration tools like NetMeeting facilitate the social interaction
necessary for sharing tacit knowledge, their usage is limited only to team members
working at the same time. Assuming normal work hours, this is nearly impossible for
teams with members working in different time zones. Likewise, tools such as e-mail
and newsgroups support only asynchronous communication and collaboration.

However, the fact that “people move continually and effortlessly between different
styles of collaboration: across time, across place, and so on” [9] demands tool support
that can accommodate more than one collaboration style like:

Co-located and distributed team;
Retrieval and use of structured and unstructured information content, and;
Synchronous and asynchronous activities.

In addition, for such a tool to be useful to agile development teams, it needs to:

Support the social context critical to nurturing a knowledge sharing environment –
providing information needs to be as easy as accessing it;
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Facilitate organizational learning, and;
Support specific agile practices.

We will now illustrate how our proposed lightweight knowledge management plat-
form, MASE, is able to achieve these goals and address issues stated above.

4.1 Support for Co-located and Distributed Teams

MASE is a web-based collaboration and knowledge sharing tool for agile teams. Web
technology makes the tool accessible anytime anywhere by users with a web browser
in their computing environment. The tool does not distinguish users working at the
same place from those who work at different places. Hence, MASE is capable of sup-
porting collaboration for both co-located and distributed teams.

4.2 Support for Unstructured and Structured Information Content

MASE allows combining the sharing of unstructured as well as structured informa-
tion. Further, it makes writing (providing information) nearly as easy as reading (ac-
cessing information). Unstructured information usually consists of text and graphics.
Structured information is stored in a database and, thus, must follow a schema. To
support unstructured information content, the user interface of MASE is developed
based on Wiki technology [10]. Wiki enable any users to access, browse, create,
structure, and update any web pages in real-time using a web browser only. Each of
these web pages, known as a wiki page, acts like an electronic bulletin board discus-
sion topic with a unique name. Users use the Wiki markup language to create Wiki
pages. Wiki markup is very simple (much simpler than HTML): a list of all Wiki
markup commands including examples fits onto a single page.

One may argue that wiki pages are no different from any other traditional docu-
ments and will suffer from the same maintenance problems. Wiki technology miti-
gates this risk by automatically creating links from a wiki page to particular topics
pages if the names of those topics are mentioned in that page. This helps minimize the
users’ effort in maintaining the relationships among the content in different wiki
pages and enhance knowledge discovery. These benefits, however, are only maxi-
mized if users adhere to the same terminology when contributing content to wiki
pages.

Information content in a MASE wiki page is all free-formatted text. This is not the
case when users try to update a typical web page. Typically, the information content
on the web page that users see is embedded among presentation information like
HTML markup elements. For the users to edit such a web page, they need to spend
the extra effort to first extract the information content then begin the actual editing of
the content. Sometimes, this additional effort is so time-consuming that the users of-
ten give up on editing the content, thus causing knowledge content to degenerate over
time. The fact that information content of web pages in MASE is in free-formatted
text facilitates efficient collaboration between knowledge contributors and readers.

To support structured information content, MASE achieves this through its library
of plug-ins that store specific data in a database. A MASE plug-in is usually presented
as an input form that allows users to submit information or a table that displays in-
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formation retrieved from a database in a structured fashion. Users can include a
MASE plug-in in any wiki page simply by referencing its name. Currently, the MASE
library of plug-ins includes those that are specific to agile development teams and ge-
neric team-oriented collaboration tools like rating a specific wiki page supporting
collaborative filtering. The fact that any content on any wiki pages are modifiable and
that any plug-ins can be included in any wiki pages give the users the flexibility to
control how structured or unstructured they want their team memory to be.

Storing information does not guarantee that others can find it. And retrieving in-
formation from a repository that combines structured and unstructured data usually
requires users to learn two different query mechanisms. To overcome the resulting us-
ability problems, MASE provides full-text searching capabilities on any unstructured
and structured content.

4.3 Support for Personal Portals

When a team member first logs into MASE, she is automatically provided a portal -
an individual information space. She can store in her portal any content, in either
structured or unstructured format. The content may be relevant only to her or to some
other team members; it may not even be related to the project or task at hand. The key
idea is that a team member has complete control over the type of and the granularity
of the information content that she wants to see.

4.4 Support for Asynchronous and Synchronous Collaboration and Online
Awareness

MASE supports asynchronous collaboration by persisting to a database the state of
any wiki pages one has worked on when he/she log out of MASE. This resembles the
common practice in the real world where team members leave artifacts in a physical
place for others to review or update when they work at different times.

MASE also supports synchronous work through its integration with the real-time
collaboration tool, Microsoft NetMeeting. Every time when a team member logs into
MASE, MASE tracks the network address of that team member’s computer. Through
the ListUser plug-in, MASE displays which members of a team are currently using
the system, thus making all online team members aware of each other’s presence.
This is important for team members to establish informal and spontaneous communi-
cation with one another at ease.

4.5 Support for Agile Practices

As mentioned before, MASE supports agile practices through its library of plug-ins.
For instance, project managers and customers can create iterations and user stories.
MASE keeps track of all estimates made by the development team and suggests to
both the development team and customers the appropriate size for the next iteration
based on the developers’ estimation accuracy from the previous iteration. Using the
suggested iteration size, customers can prioritize user stories and move them from it-
eration to iteration or move them back to the product backlog. During the course of
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the project, both the customers and development team can track work progress at
various granularities (project, iteration, user story) using the Whiteboard plug-in (see
Figure 3) and view effort metrics for a particular individual or for the entire team.

Using the Whiteboard, developers can see the features and tasks allocated for each
of the iterations in the project and track their time. Details of a user story or a task are
stored in a wiki page allowing developers to annotate notes on them in free-formatted
text. Leveraging MASE’s integration with NetMeeting, developers can also perform
distributed pair programming by sharing their code editor and collaborate on a design
together using the shared whiteboard. Using the video and audio conferencing and
multi-user text-chat features of NetMeeting, distributed team members who work at
the same time can perform daily Scrum meetings.

Thus, MASE facilitates the following agile practices: release and iteration plan-
ning, distributed pair programming, collaborative design, and daily Scrum meetings.

Fig. 3. MASE’s project planning whiteboard

4.6 Facilitating Organizational Learning

To address the issue of organizational learning (or: inter-team learning), we adopt the
view that workers learn and manage knowledge within communities of practice. We
argue that facilitation for communities of practice is a critical part to support organ-
izational learning [12]. MASE facilitates the establishment of communities of practice
through its integration with the Experience Base, a tool that we have developed as an
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implementation of the Experience Factory concept [13] with a Wiki-like user inter-
face similar to MASE. We illustrate MASE’s support for communities of practice
with the following example.

When Jill creates the task “Test shopping cart user interface” in MASE, she can as-
sociate the task with the process type “UI Testing”. When Jill is ready to start work-
ing on that task, MASE will automatically create a wiki page for that task. Since the
task is associated with the process type “UI Testing”, Jill can embed the wiki page
from the Experience Base that is dedicated to the topic “UI Testing” into the wiki
page that contains details of the task she is working on. On the embedded “UI Test-
ing” wiki page, Jill sees ideas contributed from Jack and Bill, whom she does not
know and are from other teams in the company. Curious about their ideas and experi-
ences, Jill posts her comments on the “UI Testing” wiki page.

Anecdotal evidence and thriving inter-organizational communities of practice that
use Wiki servers suggest that this kind of informal knowledge sharing actually hap-
pens. By providing on-line access to the contributor of the information, MASE actu-
ally facilitates establishing direct communication Jill and Jack/Bill.

As seen from the above scenario, the integration between MASE and the Experi-
ence Base allows one to establish contact, interact, and collaborate with others who
may not be working together in the same team but share common interests.

5 Related Work

Existing tools which support agile practices or inter-team learning include Ver-
sionOne [14], Xplanner [15], TWiki [16], and BORE [17]. All of them are web-based
tools which allow them to be used by team members working at the same place or at
different locations. However, they differ in terms of their level of support for the vari-
ous agile practices, capabilities in accommodating the different collaboration styles,
and facilitation for organizational learning.

Both VersionOne and Xplanner support release and iteration planning as well as
project tracking. VersionOne, in particular, provides each team member with a private
web page which serves as his/her own information portal. However, VersionOne pre-
defines all the content in one’s personal information portal showing only tasks that are
assigned to the team member. In fact, all information content in both tools can only be
created and browsed in a structured way. Team members cannot control the formality
of the content nor can they specify their own search query for retrieving information.

TWiki also supports those agile team-related features provided by VersionOne and
Xplanner but its usage is not targeted to agile development teams. It differentiates it-
self as a collaboration platform, not just a tool. This can be seen in the multitude of
team-oriented tools it provides, such as event calendar, action tracker, drawing editor,
and vote collection. As the name suggests, TWiki is developed based on the Wiki
technology. Hence, TWiki and MASE share a lot in common: plug-in architecture,
support for unstructured and structured information content, personal portal support,
and full-text search. TWiki allows a set of web pages to be grouped together, known
as a TWiki Web. This indirectly facilitates the establishment of communities of prac-
tice in that a community can have its own TWiki Web. One drawback of TWiki is that
it provides no direct support for online team members to be aware of each other’s
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presence. This limits the opportunities for team members to establish informal and
spontaneous encounters with one another.

Unlike the other three tools, BORE does not directly support specific agile
practices. It is an implementation of the Experience Factory concept. It provides
an experience repository that contains experience collected from projects across
the entire organization. These experiences are organized as cases, which are used
to generate pre-defined tasks for a new project. A case is similar to a project task
in nature. The generated set of tasks serves as a “best practice” guide. Project
team members can diverge from the generated plan and not perform the suggested
tasks if they deem the tasks to be inappropriate for the project situation at that time. In
such cases, team members can submit their experiences and details of the tailored
tasks in a structured format to the repository. A dedicated team of people is recom-
mended to maintain the integrity of the cases stored in the repository. Despite its ex-
plicit support for inter-team learning, BORE does not provide the supports offered
by the other three tools. Its repository-centric view of knowledge sharing also does
not support the social context characteristic of the knowledge sharing culture in agile
teams.

6 Concluding Remarks

Traditionally, software development teams follow the Tayloristic approach favoring
division of labor, hence, the use of role-based teams. Role-based teams with hand-offs
between job functions have the inherent problem of amplifying the problem of
miscommunication due to indirect and long communication path. Agile develop-
ment teams address this problem by using cross-functional teams which encourages
direct communication and reduces the likelihood of miscommunication. They rely on
approximative knowledge sharing by social interaction and fast feedback loops in-
stead of structured (logical) representations. However, there are two major inherent
limitations to the various knowledge sharing practices used by agile teams in their
original forms. They support only co-located teams and they do not facilitate inter-
team learning. In this paper, we describe a lightweight and integrated knowledge
sharing environment, MASE, which facilitates agile software development team
members to

Collaborate as co-located and distributed team;
To engage in synchronous and asynchronous work;
And to collaborate with members from other teams in the company via communi-
ties of practice.

MASE is available under an open-source license (http://sern.ucalgary.ca/~milos) and
is used by the MASE development team as well as in undergraduate and graduate
courses in several institutions.
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Logic and Approximation in Knowledge Based Systems

Michael M. Richter

Abstract. We consider approximation oriented and logic oriented representa-
tion of knowledge. The main focus is on problems where both representation
methods have a natural place, such problem situations occur e.g. in e-
commerce. The arising difficulty is that the inference method for both tech-
niques are often not very compatible with each other. We make some sugges-
tions for dealing with such problems. A major point here play the local-global
principle and the concept of similarity. In particular, other concepts like utili-
ties, probabilities, fuzzy sets, constraints and logical rules will be put in relation
to similarities.

1 Introduction

About a decade ago the basic view on knowledge based systems was logic oriented:
Some knowledge was declared in the knowledge base; this contained the assumptions
from which conclusions were drawn. When the problem was presented as input to the
system the solution was derived by logical reasoning. A particular form was logic
programming and here this view was formulated in short by R. Kowalski: ,,Logic
Programming = Logic + Control”. For solving real world problems one performed a
transformation of observations from the outside world into a formalism via some
abstraction process. This process was often quite long, difficult and complicated but
was considered as completed at some point. Essentially, this view was valid for most
of knowledge based systems and their applications.
There were some undiscussed and tacitly assumed assumptions for this kind of prob-
lem solving:

The knowledge base was stable during the inference process, in particular it was
assumed to be relatively complete.
Interactions with humans or the real world during the solution process were not
expected.
If uncertainty or vagueness was present then it was represented using some
mathematically defined formalism like probability or numerical tolerances.

These assumptions were questioned when more and more complex problems have
been tackled, in particular in socio-technical processes where humans and machines
interact in various ways.
If these assumptions are missing three corresponding challenges arise:

How to bring knowledge into the system when needed?
How to organize and establish communication and cooperation be-
tween the different human and machine agents?

W. Lenski (Ed.): Logic versus Approximation, LNCS 3075, pp. 184–203, 2004.
© Springer-Verlag Berlin Heidelberg 2004
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How to extend approximation techniques to symbolic domains and
integrate them smoothly with logical reasoning methods?

We will consider two motivating scenarios.
Scenario 1:The first scenario deals with electronic commerce: A customer is

searching for a certain product. In a first view this seems to be a logic oriented data
base retrieval. This is no longer true if one allows vague, informally stated and in-
completely formulated customer queries, and if the knowledge about the customer
demand may change during the sales process. In addition, one wants to offer some
product to the customer even if the ideally intended product is not available. Now the
problem has become an optimization problem and we will discuss similarity based
techniques as they have been developed in Case-Based Reasoning (CBR). We will
consider even more involved situations were the products are represented in a com-
pact form and the search has to consider logical inference operations as well.

Scenario 2:A second scenario comes from risk analysis. For portfolio it is
often desiderable that not all assets go down drastically at the same time and a diver-
sity is wanted for, which means that they are in a certain sense not similar. In order to
formulate this, several methods have been developed in financial mathematics. They
require, however, the presence of statistical data. For many symbolic information
units they are unfortunately not available. As a common framework we again consider
more generalized similarity based representations.

As a consequence of such and many related problems, the perspective on knowledge
based systems was drastically extended. Incompleteness, imprecisement and changes
in the assumptions as well as in the problem descriptions are not accidents anymore,
they are rather considered as central to the whole area.
A general approach is to introduce approximation not only as a specific technique but
also as a new paradigm. We will formulate this as

“Approximation Programming = Partial Orders + Control”.
One of the advantages of logic was that it was theoretically well understood, espe-
cially concerning issues of semantics. For approximation on the other hand there are
well understood foundations in real and functional analysis, probability theory etc.
This is not yet quite so well established for approximation methods in symbolic do-
mains occurring in AI applications.
For this purpose we will consider several areas where “inexact” concepts can be rep-
resented like utility functions, fuzzy sets, probabilities, and similarity measures. The
reader is assumed to be familiar with these concepts, we will only elaborate certain
aspects. Technically our main focus is the concept of similarity measures and a major
aspect is to relate the discussed concepts to similarity. Similarity based methods have
been developed in Case Based Reasoning to a fairly advanced level. Semantically
similarity measures can be based on utilities and probabilities, syntactically fuzzy sets
often are used as basic elements. These relations are discussed in 2.8.
On the logic side our main examples are rule applications and constraint propagation.
We are in particular interested in problems where both, logical and approximation
techniques are required. Experiences from practical applications as indicated above
will provide illustrations of the difficulties and uses.
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In the sequel we will first elaborate some relations and differences of the mentioned
uncertainty concepts. On this basis we discuss problems arising when symbolic infer-
ences are also present. This will be motivated and illustrated using the indicated ap-
plication scenarios.

2 The Local-Global Principle

2.1 The Basic Concept

In order to relate different representation and derivation methods we need some
structural principle that are shared by them and allows discovering common aspects
as well as differences.
In order to formulate a systematic and general approach we introduce a structural
representation principle.
The local – global principle for complex object description says:
1)

2)

There are local (atomic) description elements; for simplicity we assume that
these are attributes.
Each object or concept A is (globally) described by some construction operator C
from the local elements:

Here I is some index set for the atomic elements (i.e. the attributes).
The principle gives rise to two tasks:
a)

b)

The decomposition task: Break the object or concept down into atomic parts.
This task happens often because the object may be presented globally and the
parts are initially unknown.
The synthesis task: Compose an object or concept from simpler parts.

Both tasks play a role for relating the concepts we are interested in. For the objects
under investigation the local – global principle has very different realizations. We will
discuss it for representations of symbolic character as well as for approximation-
oriented representations.
The claim is not that the principle itself is very innovative, in fact, it is quite standard.
The point is the unified use of the principle in order to allow a systematic treatment of
the different technique. For this purpose we will shortly introduce theses techniques
and discuss them from this point of view.

2.2 Symbolic Representations

In symbolic representations the local-global principle is quite standard. Examples are
component oriented descriptions of complex objects like machines or processes. They
employ very often a part-of (or part-whole) hierarchy. The underlying language ele-
ments can be of different nature. Quite common are description logics; here we will
restrict ourselves to attribute-value representations. There are various interpretations
of the term “part-of”; for an overview see [8].
In order to describe relations between and classes of objects two important techniques
are constraints and rules that are defined in terms of the underlying logical language,
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i.e. they refer to the atomic elements of the description. Both give rise to derivation
methods, e.g. constraint propagation and rule chaining (forward and backward chain-
ing).

2.3 Utility Functions and Preference Relations

Utility functions u in the first place operate on decisions or actions. These are, how-
ever, usually concerned with objects that are symbolically defined; e.g. one machine
or one contract may be more useful than another one. Therefore we assume that the
domain A of the utility function is a class of such objects. Utility functions assign real
numbers as values to the elements of the domain:

2.4 Fuzzy Sets

Fuzzy membership functions assign values to elements of an arbitrary domain U with
respect to a certain property where one does not accept just “yes” or “no” assign-
ments:

Membership functions are associated with fuzzy subsets (or predicates) P of U; the
reference to P is denoted by is called the degree with which a has the prop-
erty P. For many purposes one can assume that U is totally ordered and take for sim-
plicity a real interval for U. There are two ways to combine different fuzzy sets:

If u(a) > 0 we call it the benefit, otherwise the cost of a. Mostly u is considered as
bounded; in this case we can assume without loss of generality that the values of u are
in the interval [-1, 1].
The weaker relational formulation for utility functions uses preference relations. Both,
utility functions and preference relations are usually complex. The local – global
principle demands that they are defined on objects

The local – global principle for utility functions u (and analogously for preference
relations) says that u can also be represented as

where the are called the local utilities. It is desirable to model the situation in such a
way that the global utility is a linear sum of local utilities; we will discuss this below:

the vector of real valued coefficients is called the weight vector of
the representation.
Often the utility function or rather the preference relation is known only globally.
This means that one can relate two decisions but cannot give reasons for it because
the local-global structure is unknown. The decomposition task then means mainly to
identify the attributes, which determine the utility and can be influenced by the actor
or decision maker and to determine the weight vector. The weight vector g reflects the
degree of the influence of the attributes and its determination is the task of sensitivity
analysis.
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1)

2)

Composition operators are mainly t-norms and co-t-norms (corresponding to
conjunction and disjunction) or the different kinds of implications (e.g. Mamdami
implication). With the implications one can describe conditional fuzzy degrees,
as compared to conditional probabilities. These operators define a local – global
principle for fuzzy membership functions defined on complex objects.
Fuzzy sets can be preconditions of different fuzzy – rules.

For our purposes two observations are important:
1)

2)

Norms and co-norms are symmetric, i.e. for complex fuzzy predicates there is no
direct way to express importance or degree of influence for the constituents.
The membership functions identify all arguments with value 0; there are no
negative degrees.

The way fuzzy logic deals with 2) is to define other fuzzy sets which cover the rest of
the domain and occur in different fuzzy rules.
Fuzzy rules can be regarded as an integration of logic and approximation. This is done
of the cost that the logic view is somehow no longer valid: The result of a rule appli-
cation is no longer of a predicate and some defuzzyfication operation is needed.

2.5 Probabilities

We consider multivariate (n-dimensional) distribution functions H that are defined for
vectors of random variables from a viewpoint that is of interest in risk
analysis. Their probability distributions also follow a local – global principle. The
central concept for this is the notion of a copula.
Def.: An n-dimensional copula is a function such that for all

(i)
(ii)
(iii)

if for some i then C(a) = 0;
if for all then
if for all i then where is the order
difference on and the
first order differences are

Condition (iii) is a monotonicity property.
The relevance of copulas is due to fact that they play the role of constructor functions
which is explained by the following theorem.

Theorem (Sklar): For each n-dimensional distribution function H with margins
there is a copula C such that for all x

Moreover, C is uniquely defined if all are continuous. Conversely, if C is a copula,
all are distribution functions and H is defined by the above formula, then H is n-
dimensional distribution function with margins

Equivalently, copulas can be defined as n-dimensional distribution functions
with uniformly marginal distributions on [0, 1].

Another version of Sklar’s theorem is:
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An important monotonicity property (see 2.7 below) is the following:

Theorem: If is a vector of random variables with copula C and

ditional distribution. Suppose is a pair of continuous random variables with
marginal distribution functions F and G.
Def.: (i) The coefficient of upper tail dependency is

(provided that the limit exists).
(ii) If then X and Y are called asymptotically dependent in the upper

tail, o they are otherwise asymptotically independent in the upper tail. These coeffi-
cients play a role in risk analysis.
For more details on copulas see [7] and [5].

2.6 Similarity Measures

In contrast to the above concepts, similarity functions are defined on pairs:

This notion can be extended to relate elements of different sets to each other:

Hence similarity functions can be considered as fuzzy sets of ordered pairs.
A kind of dualnotation for similarity measures are distance functions

From principal point of view similarity measures and distance functions are equiva-
lent.
This leads to several possible axioms for similarity measures:

1) sim(x, x) = 1 (reflexivity)
2) sim(x, y) = sim(y, x) (symmetry).

For equality there were two more axioms:
3) (transitivity)
4) (substitution axiom)

For distance functions an additional axiom is common:
5)  (triangle inequality).

Due to the changed view on similarity measures in the last years such axioms have
been more or less given up. Originally the measure was concerned with the similarity
of problem situations in order to apply previous experiences in some kind of analogi-
cal reasoning. The view on similarity between objects was that they looked similar. In
this view similarity was thought as a form of fuzzy equality. From this point of view
the transitivity axiom of equality was abandoned because small errors do add up.
This view was generalized extensively and the most recent extensions could run under
the name “partnership measure”. This leads to connecting similarity and utility as
discussed below. Because the possible partners may come from different sets U and V

are strictly increasing functions on the ranges then also has
copula C.

Related to copulas is the concept of tail-dependency, which is a form version of con-
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the domain of sim had to be generalized to U × V. The intention ofpartnership is that
both objects cooperate more or less well as equal partners. In the extended view the
measure compares things like question and answer or demand and product. As a
consequence, the axioms of reflexivity and symmetry had to be given up. Also, the
term “case base” from CBR is often replaced by expressions like product base, docu-
ment base, etc.
An even more radical change came when similarity measures were regarded as a form
of “dependency measure”. Dependency introduces some kind of partial ordering, e.g.
if sim(x, y) expresses the degree of dependency of y from x. A major point is that
symmetry for sim is again no longer justified, i.e. sim(x, y) = sim(y, x) does not hold
any more in general.
In such interpretations similarity is no longer coherent with the use of this term in
everyday language. We still keep the term similarity not only because of historical
reasons but because of the fact that the techniques developed for similarity reasoning
apply here as well. Such techniques cover mainly retrieval algorithms, the structure
of the database, the assessment of measures, and maintenance operations.
A natural question at this point asks whether similarity is still more than an arbitrary
binary function and which general properties such measures might share. An answer
is given by the application of the local – global principle to similarity measures:
There are measures on the domains of the and there is some constructor func-
tion F such that
The are local measures (intended to reflect mainly domain properties) and sim is
the global one (reflecting the utilities).
Common examples are the generalized Hamming measures with linear F defined by a
measure vector and a weight vector of  non-
negative coefficients:

In the next session we will discover another general property of measures.

2.7 Monotonicity and Virtual Attributes

The concepts of uncertainties considered above are represented by numerical func-
tions with real values. For all of them we can state a monotonicity property related to
the local-global principle. For this we have to assume that all attributes are
equipped with a partial order
Suppose that F is a utility function, a fuzzy membership function, a probability or a
similarity function that is represented using the local-global principle from elementary
objects.
Monotonicity axiom:

(i) For unary F: If F(A) > F(B) then there is at least one          such that

(ii) For binary F: If F(A, B) > F(A, C) then there is at least one such
that

The instance of the axiom for similarity measures reads as:
If sim(A, B) > sim(A, C) then there is at least one such that
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This can be regarded as a partial order form of the substitution axiom (substituting
equals by equals) for equalities. The importance of the axiom is twofold, it allows in
general more efficient computations and it simplifies the assessment of utility func-
tions and similarity measures.
Obviously generalized Hamming measures satisfy this axiom. The question arises
whether the axiom can always be satisfied by a suitable choice of the measure. The
answer depends on the underlying vocabulary. In fact, the axiom can sometimes not
be satisfied if certain attributes are missing which depend certain relations between
local attribute values. An example is the well-known XOR classification problem:
Suppose the case base contains already three elements that are correctly classified,
then there is no weighted Hamming measure for classifying the fourth element cor-
rectly using the nearest neighbor method.
A way out is to introduce additional (definable) attributes; in case of the XOR-
problem the attribute XOR(x,y) will suffice. Such additional attributes are called
virtual attributes. The purpose of introducing virtual attributes is usually to shift non-
linear dependencies between attributes from the measure into the definition of virtual
attributes.
In this view the monotonicity axiom is also a demand on the representation language.

2.8 Some Relations between the Concepts

If the relations between the concepts go beyond purely syntactic relations then we
have to assume that the underlying intuitive meanings (i.e. the informal semantics) are
related to each other. We can express this in different ways:
a)

b)
c)

The induced relations of the functions (preference relations, similarity orderings)
are compared; in particular their monotonicity behavior with respect to modified
objects is studied.
The concepts are translated into each other.
Properties of the concepts and possible axioms for them are compared.

The relation between probabilities and similarity measures is postponed to section 3.4
because we encounter here both, numerical as well as symbolic attributes.
On the technical level the key for all comparisons is the assumption that all of the
concepts follow a local – global principle.

2.8.1 Utilities and Fuzzy Sets
First we will relate utility functions and fuzzy membership functions. The classical
semantic interpretation of the fuzzy membership treats the values as degrees with for
the property in question. In this view fuzzy membership could be regarded as an un-
defined basic concept. Here we will relate it to decisions and utilities. The purpose of
stating the degree of membership is to use it in subsequent actions as e.g. formulated
in fuzzy control. These actions can again be performed with certain degrees. Another
interpretation of the fuzzy values is with respect to utility functions:

means maximal utility; denotes the decrease of utility. Now we state
the following axiom:
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There are two directions to investigate:
a)
b)

To induce a utility function u by a membership function
To induce a membership function by a measure

If a complex utility function is built from simpler local utilities, e.g. as a linear sum
then the are often chosen as fuzzy mem-

bership functions. But instead of combining them by norms or co-norms here the
weight vector is introduced which reflects the importance of the local entries. As
mentioned, weights are not used in norms and co-norms. There is, however, another
possibility for expressing different influences, namely to introduce several linguistic
rules; we will not discuss this here.

2.8.2 Similarities and Fuzzy Sets
Similarity functions can syntactically be identified with fuzzy sets on ordered pairs.
In order to define a similarity measure one needs not to start from pairs of objects. If
we have simply a fuzzy set K of U and in addition a reference object x that satisfies

then we can induce a measure by putting

This induced measure satisfies also sim(x, x) = 1. Intuitively, sim(x, y) describes the
way “x looks on U with respect to y”. If there is a subset such that for each

we have some fuzzy subset of U with membership functions for which

Up to now similarity measures have only compared objects from U and V. There is no
reason why this should not be extended to compare utility functions, probabilities and
fuzzy membership functions. The latter is of particular interest in electronic com-
merce because demands as well as product descriptions often use vague concepts and
the transformation into crisp attributes and predicates does not seem adequate.

We have the following possibilities:
1) sim(membership function, membership function)
2) sim(object, membership function)
3) sim(membership function, object)

Some examples:
1) Demand: I want a house near the university

Offer: This house is in walking distance to the university
2) Demand: I want a house two kilometers from the university

Offer: This house is still in walking distance to the university
3) Demand: I want a house in walking distance to the university

Offer: This house is four kilometers from the university.

There are two known possibilities to compute the similarity of membership functions
and as seen in the next diagram:

holds then we can again define a measure on U×P by
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a) The integral method (uses the notion of distances):
Suppose between and the x - axis

(symmetric difference as indicated in the diagram);
b) The crisp method (uses again distances; it is furthermore assumed that the func-

tion attain their maximum at only one point):
Select for which maximal, i = 1,2; put (the distance be-
tween the peaks in the diagram).

The disadvantage of the integral method is that two fuzzy functions with disjoint areas
have always the same distance; the crisp method avoids this.
The disadvantage of the crisp method is that the shape of the curves does not play a
role. The integral method avoids this.
A combined method is as follows:

If the areas are not disjoint apply the integral method.
If the areas are disjoint use the distance between the two points where both
curves reach zero.

A generalization is obtained if the Euclidean distance is replaced by an
arbitrary distance measure.

2.8.3 Utilities and Similarities
An obvious difference between the two concepts is that utilities have one and similar-
ity measures have two arguments. Therefore we modify the range of similarity meas-
ures in order to compare their values with the values of a utility function:

For this purpose we introduce for a measure sim:

If we interpret x = (a, sit) where a is an agent and sit is a (problem) situation then we
denote the utility of a decision y for x by In the equation

either side can be taken in order to define the other side.
In a very general setting sim is defined on U × V where U contains problem and V
contains decisions or actions. In this case sim(u, v) can be directly interpreted as the
utility of v for u.
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If we take utility functions as basic then they can provide also a meaning, i.e. a se-
mantics to similarity in terms of utility. This means, the nearest neighbor of x is the
decision y with the highest utility for a in the situation sit.
An equivalent possibility would have been to define
Because utility functions are often not precisely known the equation
should be weakened. We propose that the following holds:
Assumption for the relation between similarity and utility (see [1]):

and are similarly ordered.
Here similarly ordered is defined as:
Def: Two functions are similarly ordered (or concordant) if

for all x,
For the next considerations we allow to extend the range of measures to [-1, 1]
Examples:
a)

b)

c)

U = queries, V = answers;
sim(q, a) > 0 means the answer has benefits, sim(q, a) < 0 means the answer cre-
ates costs.

U = demanded products, V = offered products;
sim(dp, op) > 0 means the offered product is acceptable, sim(dp, op) < 0 means
the offered product is not acceptable.
U = V = products which can replace each other.

means can replace to some degree while says
that can replace with this degree.

One intention is to apply the local-global principle to utility functions and similarity
measures with the same constructor function. If we consider a generalized Hamming
measure

this means that it corresponds to a utility function

In a general situation the utility is not presented in a decomposed form and the simi-
larity measure has to be found. This leads to a decomposition problem for utilities and
a composition problem for measures.

3 Approximation and Logical Inference: Similarity, Constraints,
and Rules

3.1 The General Problem

Approximation and optimization is always connected with one or more partial orders.
On the other hand logical inference steps use terms like truth, falsehood or equality,
there is no place for partial orders. In applications, however, we often encounter
situations where both worlds play a role. In abstract setting a typical problem is of the
following type:
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Given a set A of objects, a set M of logical inference methods and a partial order
Determine an optimal object with respect to where M(A) is the deduc-
tive closure of A under methods M.
The major difficulty is that there is no a priori connection between the logical meth-
ods and the partial order, in particular the logical methods are in no way directed in
the partial order sense. On the other hand, a coding of the problem in term s of real
numbers and applying classical optimization techniques also provides difficulties
because the symbolic origin of the problems usually does not admit assumptions that
are needed by the optimization techniques.
We will now discuss this in more detail for some concrete examples.

3.2 Similarities and Rules

We consider a situation in electronic commerce as indicated above. A customer has
a demand: A product with certain properties is wanted. The relation between the
demand d and a product p is described by a similarity measure sim which means that
we have to search for the nearest neighbor to d in space P of products (the product
base).

Suppose now that the products are split into two sets:
The products which are directly in some catalogue C of the product
base;
The products which can be obtained by adaptation from products in the
catalogue.

The adaptation is performed by rules from a finite set R of rules and the set of all
products P is the completion R(C) of C under the rules of R.
This means, the product base P is only partially represented explicitly. Such a product
representation is quite common if the set of products is very large.
Formally the rules have an operator description. An operator is a partial function

i.e., transforms a product into a successor product. For systematic reasons
we include the trivial operator, i.e. the identity, in the set of operators.
The rule representation of operators is in the form

Concatenation of operator applications leads to a sequence of operators
which transforms a product p into an adapted product  i.e.

The set of operator sequences is denoted by OS.
In principle, there are two ways to make use of the rules, backward chaining and for-
ward chaining.
In backward chaining one can asks queries to P which are answered by applying the
rules backwards. An answer is positively given if the backward chaining leads to a
product in C. This is, however, only successful if the wanted product is in fact an
element of C and not only an approximation.
In case of forward chaining we assume that it is too complex to compute the applica-
tion of R to C directly in order to obtain
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The nearest neighbor NN(d, p, C) to a demand d in the set C, i. e. with-
out allowing rule applications.
The nearest neighbor NN(d, p, P) in P, i.e. allowing rule applications.

The latter gives rise to a second type of similarity measures where is some
operator sequence:

In order to find p with NN(d, p, P) we need to compute
The problem is that the nearest neighbor search does not only investigate all products
from C but also all operator sequences.
This search may not terminate because there may be arbitrary long sequences of op-
erators. Even if this is not the case the method is in practical situations far too ineffi-
cient, in particular because the computations have to be done at run time. Therefore
one is often satisfied with a good approximation of a nearest neighbor using compu-
tations that can be performed at compile time as much as possible. For this purpose
knowledge about the operators is needed, in particular prediction knowledge how
good the actions are. We will approach this problem stepwise.

3.2.1 Adaptation Knowledge
The underlying idea is to use lazy rule applications which means to apply operators as
late as possible and to use knowledge about the result of the operator applications
without executing them. As a consequence, the price to pay is that we will obtain only
an approximation of the nearest neighbor in P. For this purpose we consider subsets

and allow only operator sequences from OS‘:

It follows directly:
If then

In order to fulfill them as much as possi-
ble we need knowledge about the rules which can be of different types:
Rule knowledge. The point is that such knowledge can often be used without actually
knowing the definition of the rules and without applying them. It is useful to look at
the attributes and knowledge about the possible changes of their values.
The rule knowledge consists in

Knowledge about the applications of rules: When preconditions are satisfied and
to which results the actions will lead.
Preference rules for selecting rules.
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a)

b)

c)

Preconditions can be given in terms of attribute value restrictions (they lead also
to a restriction of product types) and in terms of specific types of products
The actions must contain a list of affected attributes. In addition to the intended
main effects there may be additional unavoidable effects.
Preference rules give orderings on the rules for operators that achieve some goal.

We will start with some simple subsets of OS and will then proceed to more powerful
ones.

3.2.2 Unconditional Adaptation
These are the simplest rules but they provide a guideline for further treatment. An
unconditionally adaptable attribute A has the properties
For any values  there is an operator sequence  such that
(i)
(ii)  No other attributes are affected by
The first condition says that the adaptation is not restricted by any constrains while
the second is some independence property for attributes. Both conditions will have to
be weakened in order to become applicable in practice.
We point out that simply the existence of such an is of interest and not its specific
form. The knowledge is used in the following way:
For each such attribute the local similarities between the and in value in the de-
mand and in the intended the product are set to 1.
This gives rise to a new similarity measure sim* which has local values 1 at the se-
lected attributes. We can obtain lower bound for the similarity to the nearest neighbor
without actually performing any rule application.
In the situation of unconditional adaptation this is fairly is trivial because all products
in P remain candidates. This will change if conditions are present.
Typical examples for unconditional adaptation are parameters of products which can
be freely chosen but where only one specific example is represented in the product
base. Other examples arise if there are changes free of charge and there are now fur-
ther constraints and dependencies. Often these properties do not hold in its pure form
as stated here because at least the attribute price is affected. We return to this below
where we will consider stronger preconditions for the adaptation. Combinatorial diffi-
culties arise if there are many dependencies involved.

3.2.3 Adaptation under Constraints
The principle arguments are the same as in the last section. We assume, however, not
any more that the values of some attribute can be changed in an arbitrary way; the
change is subject to constraints on the attributes.
We distinguish the following cases:

a) An operator is defined on the domain of some attribute A but there are constraints
in the preconditions.
If dom(A) is small then the possible changes can be enumerated explicitly. Oth-
erwise one needs predicates on dom(A), e.g. an ordering on A. Typical con-
straints are e.g.
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b)

c)

,,if then can change x to y”
,,if then can change x to y”

In these cases the local similarities can again be set to 1 or least increased which
also increases the global similarity.
An add operator is defined for some component but there are constraints in the
preconditions. The constraints can concern:
For some attributes A only certain values are allowed. Because these attributes
may be the ones for which values are demanded in the query a local optimization
has to take place in order to select the best available values or to approximate
them sufficiently well. For remove operators this problem does not arise.
The adaptation is only possible for specific products. This is the first situation
where actually products and not only their attribute values enter the scenario but
elements of the product base too.

3.2.4 Adaptation When Dependencies Are Present
The dependencies we consider are twofold:
(i)

(ii)

The constraints for operator applications refer to other components and/or
attributes as the one under concern.
The operator application has side effects that determine the values of other
attributes or restrict these values.

Ad (i): In principle the preconditions in the rules concerning the desired operators
have to be evaluated again. A serious combinatorial difficulty arises if there are sev-
eral applications of operators that influence each other.

Ad (ii): We divide the set of involved attributes Z into two disjoint subsets,
where X contains the attributes the values of which should be adapted and Y is the

set of affected attributes. The partial weighted sum in the similarity measure con-
cerning the predicates in Z is estimated by

taking a lower bound for the increase in the local similarities with attributes in X
taking an upper bound for the decrease in the local similarities with attributes in
Y.

Again, for several dependencies this may become too inefficient.

3.2.5 Heuristics and Learning
As indicated, the situation becomes involved if many dependencies are present. Be-
cause the consequences of the dependencies are difficult to overlook one could make
use of heuristics in order to represent adaptation knowledge. The question is how such
heuristics can be obtained. A systematic approach has been developed by A.Stahl,
(see [11] , [12] and [13]) who showed how machine learning methods could be used.
In his approach genetic algorithms played the major role. Presently this seems to be
the most promising approach.
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3.3 Similarities and Constraints

We consider again a situation in electronic commerce with a very large set of prod-
ucts. Another way to obtain a compact description of the products is to introduce
generalized products. Here products are grouped together by constraints on parame-
ters describing them. This leads to the following definition:
Def.: (i) A generalized object is s set of objects
(ii)
The motivation is that the products in a generalized product allow a compact descrip-
tion, they are, however, in general not similar to each other.
Suppose the objects have only real valued attributes and the generalized sets are defined
by linear or quadratic constraints. A demand x is a specific object and the computation
of sim*(x, S) of x and a generalized object S leads to an optimization problem:

where h is a set of m linear or quadratic functions and D is a vector of which
define the constraints.
The attempt to use an arbitrary optimization method for this purpose has the following
limitations:

1)
2)

The constraints defining S are in general not convex
The similarity measure is in general not differentiable.

As an example we present a description of electronic switches (cf.[3]):
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This is a very technical description of a Discrete Cosine Transformation which we
will not investigate in detail; the meaning of the parameters is f: clock frequency, a:
chip area, w: width (number of bits per input/output word) and s: subword (number of
bits calculated per clock tick).
For solving the optimization problem several techniques have been presented in .[3]
and .[9].
One method is to use Minkowski functionals (or gauges). For a compact set B a gauge
with respect to B is defined as

For computing similarities the use of gauges is to compute a distance dist(x, y) from a
point x to some y by putting x in the center of B and to enlarge or shrink B until it
touches y; then one sets This technique can be used for non-
convex generalized products to obtain upper and lower bounds for the similarity
measures.

3.4 Similarities and Probabilities

The first connection between probabilities and similarities is that the semantics of the
similarity measures sometimes can be reduced to probabilities. When similarity rea-
soning is used for classification problems a probabilistic semantics is very plausible:
sim(a, b) = Prob(class(a) = class(b)).
This was discussed in [4]. Another approach uses evidence measures see [10].
A second important relation is to consider similarities between random variables. A
classical way to compare random variables is to use linear correlation. Let be
a vector of random variables.
Def.: The linear correlation coefficient for is

is a similarity measure in the sense that it measures linear dependencies and it
is quite natural for elliptical distributions. For other types of distributions the situation
is, however, quite different.
The first extension provides a stochastic version of the concept “similarly ordered”
given in 2.4.3:
Let and be two observations of the continuous random variables

Def: and are called
concordant if (x – x)(y – y) > 0
discordant if (x – x)(y – y) < 0.

This has a probabilistic version (see [5]) where one considers independent vectors
and of continuous random variables. Then betweens these two

vectors
the probability of concordance is Prob((X – X)(Y – Y) > 0)
the probability of discordance is Prob((X – X)(Y – Y) < 0)
the order difference is Q = Prob((X – X)(Y – Y) > 0) - Prob((X – X)(Y – Y) < 0).
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This give rise to define a similarity measure called measure of concordance between
random variables X and Y. The intention of concept of a copula introduced in 2.5 was
to model dependencies between random variables, therefore it is no surprise that
copulas are used for modeling concordance.
Let CRV denote the set of continuous random variables.
Def.: A mapping is a measure of concordance if

1)
2)
3)
4)
5)

6)

If X and Y are independent then

If C(X, Y) and C(X, Y) are the copulas corresponding to (X, Y) and (X,
Y) and then
If is a sequence with a copulas sequence which converges
pointwise to C(X, Y) then

The intentions are obvious: The value 1 means complete concordance and –1 means
the opposite; 0 is a neutral value with no dependence. 5) is a monotonicity property
while 6) is a technical requirement.
A simple example is the measure called Kendall’s tau (the order difference from
above). Suppose (X, Y) is an independent copy of (X, Y).

Hence measures simply the difference of the probabilities for concordance and dis-
concordance, which is intuitively clear for risk analysis if one assumes that X and Y
represent costs.
The measure can be computed according to the following formula:

where the integral is taken over The factor 4 is due to the fact that the range of
the measure is [-1, 1] instead of [0,1].

In risk analysis the statistical methods based on copulas and measures of concordance
play an essential role. However, it was emphasized several times that qualitative, i.e.
symbolic attributes are also important for describing risks. The problem is the lack of
integration with numerical attributes. We suggest here that the similarity based ap-
proach provides a possibility for such an integration method.
For this we consider e.g. the Kendall’s measure. We consider it as a similarity
measure and augment it with other local measures for qualitative attributes.
We consider some simple examples for such attributes in the context of investment.
The risk to be avoided or minimized is that several assets of a portfolio go down
drastically at the same time, i.e. that they are not concordant. We assume here that no
distribution functions or statistical evidences for the relevancies of the values of the
symbolic attributes are available. The similarity values arise rather from general expe-
rience and personal judgments and subjective probabilities of experts (see e.g. [6]).
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Such experts will support in the first place similarity as a relation that can later on be
refined to a similarity measure:

Company type; range = {steel, military, energy, tourism, ...}. For the local simi-
larity with respect to concordancy it is reasonable to assume

Area; range = {EU, USA, Middle East, South America, ...}. For the local simi-
larity with respect to concordancy it is reasonable to assume

These attributes have to be associated with weights. The local measures and the
weights reflect domain knowledge in the same way as distribution functions (if avail-
able) do.
The global measure has then two parts, one for qualitative and one for quantitative
attributes. The point is that the measure handles them in a uniform way. This will be
discussed in a future paper.
Another similarity measure with values in [0, 1] is the coefficient of upper tail
dependence, which is relevant in risk management. This measure is not symmetric by
its nature. Again, no qualitative information is yet integrated.

4 Summary

We have looked at some dependencies and relations between crisp concepts and
methods in the sense of logic and several approaches that employ uncertainty and
approximation. We have studied this for fuzzy sets, utility functions, probabilities and
similarity measures; they are all connected with the concept of a partial order. In the
definitorial sense fuzzy sets and probabilities are mostly basic, utilities and similari-
ties use them in their definition and similarities are the last members in this chain.
The second point is of interest for the issue of the semantics of concepts. Here we
regarded probabilities and utility functions as basic. Similarity is derived in the sense
that its semantic is reduced to utility. The similarity is intended to describe an ap-
proximation of the primarily given but partially not exactly known utility function.
Technically the approximation is essentially the computation of the nearest neighbor.
While there are many partial orderings there is only one concept of truth and logical
deduction. The application of logical methods needs a step of severe abstraction as a
prerequisite. The advantage of logical methods is exactness and preciseness. In many
applications we encounter, however, a mixture of logical and approximation elements.
This occurs in the statements of the problems and the assumptions as well as in the
derivation steps. As typical examples some problems in e-commerce have been men-
tioned and some remarks on risk analysis have been added.
We have pointed out some difficulties that arise in such situations from the fact that
often the techniques from logic and approximation are not compatible with each
other. Some suggestions have been made to overcome the difficulties; an important
one was the use of the local-global principle as a unifying element.
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